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Abstract 

We use SLEq paths to construct a process of continuum nonsimple loops in the 
plane and prove that this process coincides with the full continuum scaling limit of 
2D critical site percolation on the triangular lattice - that is, the scaling limit of the 
set of all interfaces between different clusters. Some properties of the loop process, 
including conformal invariance, are also proved. In the main body of the paper these 
results are proved while assuming, as argued by Schramm and Smirnov, that the 
percolation exploration path converges in distribution to the trace of chordal SLEq. 
Then, in a lengthy appendix, a detailed proof is provided for this convergence to 
SLEq, which itself relies on Smirnov's result that crossing probabilities converge to 
Cardy's formula. 
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1 Introduction and Motivation 

In the theory of critical phenomena it is usually assumed that a physical system near 
a continuous phase transition is characterized by a single length scale (the "correlation 
length") in terms of which all other lengths should be measured. When combined with 
the experimental observation that the correlation length diverges at the phase transition. 
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this simple but strong assumption, known as the scahng hypothesis, leads to the behef 
that at criticality the system has no characteristic length, and is therefore invariant under 
scale transformations. This suggests that all thermodynamic functions at criticality are 
homogeneous functions, and predicts the appearance of power laws. It also means that 
it should be possible to rescale a critical system appropriately and obtain a continuum 
model (the "continuum scaling limit" ) which may have more symmetries and be easier to 
study than the original discrete model defined on a lattice. 

Indeed, thanks to the work of Polyakov [23] and others [4,5], it was understood by 
physicists since the early seventies that critical statistical mechanical models should pos- 
sess continuum scahng limits with a global conformal invariance that goes beyond simple 
scale invariance, as long as the discrete models have "enough" rotation invariance. This 
property gives important information, enabling the determination of two- and three-point 
functions at criticality, when they are nonvanishing. Because the conformal group is in 
general a finite dimensional Lie group, the resulting constraints are limited in number; 
however, the situation becomes particularly interesting in two dimensions, since there 
every analytic function cu — f{z) defines a conformal transformation, at least at points 
where f'{z) 0. As a consequence, the conformal group in two dimensions is infinite- 
dimensional. 

After this observation was made, a large number of critical problems in two dimensions 
were analyzed using conformal methods, which were applied, among others, to Ising and 
Potts models, Brownian motion. Self- Avoiding Walk (SAW), percolation, and Diffusion 
Limited Aggregation (DLA). The large body of knowledge and techniques that resulted, 
starting with the work of Belavin, Polyakov and Zamolodchikov [4, 5] in the early eight- 
ies, goes under the name of Conformal Field Theory (CFT). In two dimensions, one of 
the main goals of CFT and its most important apphcation to statistical mechanics is 
a complete classification of all universality classes via irreducible representations of the 
infinite-dimensional Virasoro algebra. 

Partly because of the success of CFT, work in recent years on critical phenomena 
seemed to slow down somewhat, probably due to the feeling that most of the leading 
problems had been resolved. Nonetheless, however powerful and successful it may be, 
CFT has some limitations and leaves various open problems. First of all, the theory deals 
primarily with correlation functions of local (or quasi-local) operators, and is therefore 
not always the best tool to investigate other quantities. Secondly, given some critical 
lattice model, there is no way, within the theory itself, of deciding to which CFT it 
corresponds. A third limitation, of a different nature, is due to the fact that the methods 
of CFT, although very powerful, are generally speaking not completely rigorous from a 
mathematical point of view. 

In a somewhat surprising twist, the most recent developments in the area of two- 
dimensional critical phenomena have emerged in the mathematics literature and have 
followed a new direction, which has provided new tools and a way of coping with at least 
some of the limitations of CFT. The new approach may even provide a reinterpretation of 
CFT, and seems to be complementary to the traditional one in the sense that questions 
that are difficult to pose and/or answer within CFT are easy and natural in this new 
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approach and vice versa. 

The main tool of this radically new approach is the Stochastic Loewner Evolution 
{SLE), or Schramm Loewner Evolution, as it is also known, introduced by Schramm [28]. 
The new approach, which is probabilistic in nature, focuses directly on non-local structures 
that characterize a given system, such as cluster boundaries in Ising, Potts and percolation 
models, or loops in the 0{n) model. At criticality, these non-local objects become, in the 
continuum limit, random curves whose distributions can be uniquely identified thanks to 
their conformal invariance and a certain "Markovian" property. There is a one-parameter 
family of SLEs, indexed by a positive real number k, and they appear to be the only 
possible candidates for the scaling limits of interfaces of two-dimensional critical systems 
that are believed to be conformally invariant. 

In particular, substantial progress has been made in recent years, thanks to SLE, 
in understanding the fractal and conformally invariant nature of (the scaling limit of) 
large percolation clusters, which has attracted much attention and is of interest both for 
intrinsic reasons, given the many applications of percolation, and as a paradigm for the 
behavior of other systems. The work of Schramm [28] and Smirnov [30] has identified the 
scaling limit of a certain percolation interface with SLEq, providing, along with the work 
of Lawler- Schramm- Werner [19,20] and Smirnov- Werner [34], a confirmation of many 
results in the physics literature, as well as some new results. 

However, SLEq describes a single interface, which can be obtained by imposing special 
boundary conditions, and is not in itself sufficient to immediately describe the full scaling 
limit of the system. In fact, not only the nature and properties, but the very existence 
of the full scaling limit remained an open question. This is true of all models, such as 
Ising and Potts models, that are represented in terms of clusters. Werner [36] considered 
this problem in the context of SLE,^ for values of k between 8/3 and 4. For percolation 
(corresponding to k = 6), the same problem was addressed in [7], where SLEq was used 
to construct a random process of continuous loops in the plane, which was identified with 
the full scaling limit of critical two-dimensional percolation, but without detailed proofs. 

In this paper, we complete the analysis of [7], making rigorous the connection between 
the construction given there and the full scaling limit of percolation, and we prove some 
properties of the full scaling limit, the Continuum Nonsimple Loop process, including 
(one version of) conformal invariance. We do this in two parts. First, we give proofs in 
which we assume the validity of what we will call statement (S) (see Section El), which 
is a specific version of the results of Schramm and of Smirnov [28, 30-33] concerning 
convergence of percolation exploration paths to SLEq (see the discussion towards the 
end of Section mH). Since no detailed proof of statement (S) (or indeed, any version of 
convergence to SLEq) has been available, in Appendix^ we give a proof based only on 
that part of Smirnov's results about the convergence of crossing probabilities to Cardy's 
formula [30] (see Theorem |3] in Appendix El- We note that statement (S) is restricted to 
Jordan domains while no such restriction is indicated in [30,31]. 

The rest of the paper is organized as follows. In Section |21 we give necessary definitions 
and introduce SLEq. Section|21is devoted to the construction of the Continuum Nonsimple 
Loop process. In Section HI we introduce the discrete model and a discrete construction 
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analogous to the continuum one presented in Section El Most of the main results of this 
paper are stated in Section while Section IHl contains the proofs of those results, which 
use (S). The long Appendix El contains the proof of statement (S) (it is a consequence of 
Corollary lA . 1 1 there) and the short Appendix El contains convergence results for sequences 
of conformal maps which are used throughout the paper. 

We remark that although our proof in Appendix El of convergence of exploration 
paths to SLEq roughly follows Smirnov's outhne [30,31], based on his proof [30,31] of 
convergence of crossing probabilities to Cardy's formula and on the Markovian properties 
of hulls and tips, there are at least two technically significant modifications. The first is 
that we use a different sequence of stopping times to obtain a Markov chain approximation 
to SLEq, which results in a different geometry for the approximation (see Remark IA.2|) . 
The second is that the control of "close encounters" by the exploration path to the domain 
boundary is not handled by general results for "three-arms" events at the boundary of a 
half-plane, but rather by an argument based on continuity of crossing probabilities with 
respect to domain boundaries (see Lemmas IA.2UA.3l IA.4I and IA.5|) . Moreover, we cannot 
use directly Smirnov's result on convergence of crossing probabilities (see Theorem^, 
but need an extended version which is given in Theorem IHl of Appendix El 

We conclude by noting that the convergence results of Appendix El are sufficient not 
only for our purposes of obtaining the full scaling limit, but also for obtaining the critical 
exponents (see [34]). 

2 Preliminary Definitions 

We will find it convenient to identify the real plane and the complex plane C. We will 
also refer to the Riemann sphere CUoo and the open upper half-plane H = {x+iy : y > 0} 
(and its closure H), where chordal SLE will be defined (see Section r2.3|) . D will denote 
the open unit disc 3 = {z & C : \z\ < 1}. 

A domain D of the complex plane C is a nonempty, connected, open subset of C; a 
simply connected domain D is said to be a Jordan domain if its (topological) boundary 
dD is a Jordan curve (i.e., a simple continuous loop). 

We will make repeated use of Riemann's mapping theorem, which states that if D is 
any simply connected domain other than the entire plane C and Zq E D, then there is a 
unique conformal map f of D onto D such that f{zQ) = and f'{zo) > 0. 

2.1 Compactification of 

When taking the scaling limit 6—^0 one can focus on fixed finite regions, A C M^, 
or consider the whole at once. The second option avoids dealing with boundary 
conditions, but requires an appropriate choice of metric. 

A convenient way of dealing with the whole is to replace the Euclidean metric with 
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a distance function A(-, ■) defined on x by 

A{u, v) = inf J{1 + ly^H"! ds, (1) 

where the infimum is over all smooth curves (p{s) joining u with v, parametrized by 
arclength s, and where | ■ | denotes the Euclidean norm. This metric is equivalent to the 
Euclidean metric in bounded regions, but it has the advantage of making precompact. 
Adding a single point at infinity yields the compact space which is isometric, via 
stereographic projection, to the two-dimensional sphere. 



2.2 The Space of Curves 

In dealing with the scaling limit we use the approach of Aizenman-Burchard [2]. Denote 
by Sr the complete separable metric space of continuous curves in the closure of 
the disc D/j of radius R with the metric (j21) defined below. Curves are regarded as 
equivalence classes of continuous functions from the unit interval to D^j, modulo monotonic 
reparametrizations. 7 will represent a particular curve and 7(t) a parametrization of 7; 
JF will represent a set of curves (more precisely, a closed subset of Sr). d(-, ■) will denote 
the uniform metric on curves, defined by 

d(7i,72)=inf sup I71W -72(^)1, (2) 

i6[0,l] 

where the infimum is over all choices of parametrizations of 71 and 72 from the interval 
[0, 1]. The distance between two closed sets of curves is defined by the induced Hausdorff 
metric as follows: 

dist(jF, JF') < £ ■<=^ V 7 G JF, 37' G JF' with d(7,7') < e, and vice versa. (3) 

The space Qr of closed subsets of Sr (i.e., collections of curves in ©/j) with the metric Q 
is also a complete separable metric space. We denote by Br its Borel cr-algebra. 

For each fixed 6 > 0, the random curves that we consider are polygonal paths on the 
edges of the hexagonal lattice SH, dual to the triangular lattice 6T. A superscript 6 is 
added to indicate that the curves correspond to a model with a "short distance cutoff" 
of magnitude 6. 

We will also consider the complete separable metric space S of continuous curves in 
M? with the distance 

D(7i,72) = inf sup A(7i(t), 72(t)), (4) 

te[o,i] 

where the infimum is again over all choices of parametrizations of 71 and 72 from the 
interval [0,1]. The distance between two closed sets of curves is again defined by the 
induced Hausdorff metric as follows: 

Dist(JF, JF') < e ^ V7 G J^, 3 7 G JF' with 0(7, 7') < e, and vice versa. (5) 
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The space Q of closed sets of S (i.e., collections of curves in M^) with the metric (0) is 
also a complete separable metric space. We denote by B its Borel cr-algebra. 

When we talk about convergence in distribution of random curves, we always mean 
with respect to the uniform metric (j2I), while when we deal with closed collections of 
curves, we always refer to the metric (jSI) or (jSI). 

Remark 2.1. In this paper, the space Q of closed sets of S is generally used for collections 
of exploration paths and cluster boundary loops and their scaling limits, SLEq paths and 
continuum nonsimple loops. There is one place however, in the statements and proofs of 
Lemmas \A.J\ and \A.,% where we also apply VL in essentially the original setting of 
Aizenman and Burchard [1, 2], i.e., for collections of blue and yellow simple T -paths (see 
Section^ for precise definitions) and their scaling limits. The slight modification needed 
to keep track of both the paths and their colors is easily managed. 



2.3 Chordal SLE in the Upper Half-Plane 

The Stochastic Loewner Evolution {SLE) was introduced by Schramm [28] as a tool for 
studying the scaling limit of two-dimensional discrete (defined on a lattice) probabilistic 
models whose scaling limits are expected to be conformally invariant. In this section 
we define the chordal version of SLE; for more on the subject, the interested reader 
can consult the original paper [28] as well as the fine reviews by Lawler [17], Kager and 
Nienhuis [14], and Werner [37], and Lawler's book [18]. 

Let H denote the upper half-plane. For a given continuous real function Ut with 
Uq = 0, define, for each 2; G H, the function gt{z) as the solution to the ODE 

dtgtiz) = ^ , (6) 
9t{z) - Ut 

with goi^z) = z. This is well defined as long as gt{z) — f/^ 7^ 0, i.e., for all t < T{z), where 

T{z) = sup{t > : min \gs{z) - f/,| > 0}. (7) 

s€[0,t] 

Let Kt = {z & M. : T{z) < t} and let be the unbounded component of EI \ Kf, it can 
be shown that is bounded and that gt is a conformal map from onto H. For each 
t, it is possible to write gt{z) as 

gtiz) =z + - + o{-), (8) 

z z 

when z —>■ 00. The family {Kt,t > 0) is called the Loewner chain associated to the 
driving function {Ut,t > 0). 

Definition 2.1. Chordal SLE^^ is the Loewner chain {Kt,t > 0) that is obtained when 
the driving function Ut = \^Bt is \fK times a standard real-valued Brownian motion 
{Bt,t> 0) with Bo = 0. 

For all K > 0, chordal SLE,^ is almost surely generated by a continuous random curve 
7 in the sense that, for alH > 0, Ht = HI \ Kt is the unbounded connected component of 
HI \ 7[0, t]; 7 is called the trace of chordal SLE^. 
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2.4 Chordal SLE in an Arbitrary Simply Connected Domain 

Let D C C (Z^ 7^ C) be a simply connected domain whose boundary is a continuous curve. 
By Riemann's mapping theorem, there are (many) conformal maps from the upper half- 
plane H onto D. In particular, given two distinct points a, 6 G dD (or more accurately, two 
distinct prime ends), there exists a conformal map / from EI onto D such that /(O) = a 
and f{oo) = limi^i^oo f{z) = b. In fact, the choice of the points a and b on the boundary 
of D only characterizes /(■) up to a multiplicative factor, since /(A ■) would also do. 

Suppose that {Kt, t > 0) is a chordal SLE^ in H as defined above; we define chordal 
SLE^ {Kt,t > 0) in D from a to 6 as the image of the Loewner chain {Kt,t > 0) under 
/. It is possible to show, using scaling properties of SLE,^, that the law of {Kt,t > 0) is 
unchanged, up to a linear time-change, if we replace /(•) by /(A •). This makes it natural 
to consider {Kt, t > 0) as a process from a to 6 in D, ignoring the role of /. 

We are interested in the case k = 6, for which {Kt, t > 0) is generated by a continuous, 
nonsimple, non-self-crossing curve 7 with Hausdorff dimension 7/4. We will denote by 
lD,a,b the image of 7 under / and call it the trace of chordal SLEq in D from a to 6; '-)D,a,b is 
a continuous nonsimple curve inside D from a to 6, and it can be given a parametrization 
lD,a,b{t) such that 7D,a,fe(0) = and '~iD,a,b{X) = ^) so that we are in the metric framework 
described in Section It will be convenient to think of '')D,a,b as an oriented path, with 
orientation from a to b. 

3 Construction of the Continuum Nonsimple Loops 
3.1 Construction of a Single Loop 

As a preview to the full construction, we explain how to construct a single loop using two 
SLEq paths inside a domain D whose boundary is assumed to have a given orientation 
(clockwise or counterclockwise). This is done in three steps (see Figure Q), of which the 
first consists in choosing two points a and b on the boundary dD of D and "running" 
a chordal SLEq, 7 = 'yD,a,b, from a to 6 inside D. As explained in Section 12.41 we 
consider 7 as an oriented path, with orientation from a to b. The set D \ 7D,a,fe[0, 1] is a 
countable union of its connected components, which are open and simply connected. If z 
is a deterministic point in D, then with probability one, z is not touched by 7 [26] and 
so it belongs to a unique domain in D\ 7D,a,b[0, 1] that we denote Da,b{z). 

The elements of D \ 7D,a,b[0, 1] can be conveniently thought of in terms of how a 
point z in the interior of the component was first "trapped" at some time ti by 7[0,ti], 
perhaps together with either da,f,D or df,,aD (the portions of the boundary dD from a 
to b counterclockwise or clockwise respectively): (1) those components whose boundary 
contains a segment of db^aD between two successive visits at 70(2;) = 7(^0) and 71(2;) = 
7(ti) to db^aD (where here and below to < ^i); (2) the analogous components with db^aD 
replaced by the other part of the boundary da^D, (3) those components formed when 
70(2;) = 7(to) = 7(^1) = G D with 7 winding about 2; in a counterclockwise direction 
between and ti, and finally (4) the analogous clockwise components. 
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We give to the boundary of a domain of type 3 or 4 the orientation induced by how 
the curve 7 winds around the points inside that domain. For a domain D' 3 z of type 1 or 
2 which is produced by an "excursion" S from "fo{z) G dD to ^i{z) G dD, the part of the 
boundary that corresponds to the inner perimeter of the excursion S (i.e., the perimeter 
of 7 seen from z) is oriented according to the direction of 7, i.e., from 70(2;) to 71 (-2). 

If we assume that dD is oriented from a to 6 clockwise, then the boundaries of domains 
of type 2 have a well defined orientation, while the boundaries of domains of type 1 do 
not, since they are composed of two parts which are both oriented from the beginning to 
the end of the excursion that produced the domain. 

Now, let D' be a domain of type 1 and let A and B be respectively the starting and 
ending point of the excursion that generated D'. The second step to construct a loop is to 
run a chordal SLEq, 7' = Jd',b,a, inside D' from B to A; the third and final step consists 
in pasting together S and 7'. 

Running 7' inside D' from i? to ^4 partitions D'\'y' into new domains. Notice that if we 
assign an orientation to the boundaries of these domains according to the same rules used 
above, all of those boundaries have a well defined orientation, so that the construction of 
loops just presented can be iterated inside each one of these domains (as well as inside 
each of the domains of type 2, 3 and 4 generated by 7^,0,6 in the first step). This will be 
done in the next section. 




Figure 1: Construction of a continuum loop around z in three steps. A domain D is 
formed by the sohd curved. The dashed curve is an excursion £ (from A to B) of an 
SLEq in D that creates a subdomain D' containing z. The dotted curve 7' is an SLEq 
in D' from B to A. A loop is formed by S followed by 7'. 
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3.2 The Full Construction Inside The Unit Disc 



In this section we define the Continuum Nonsimple Loop process inside the unit disc 
D = Di via an inductive procedure. Later, in order to define the continuum nonsimple 
loops in the whole plane, the unit disc will be replaced by a growing sequence of large discs, 
Dij, with R ^ oo (see Theorem 12)). The basic ingredient in the algorithmic construction, 
given in the previous section, consists of a chordal SLEq path 'yD,a,b between two points 
a and b of the boundary dD of a given simply connected domain D (Z C 

We will organize the inductive procedure in steps, each one corresponding to one SLEq 
inside a certain domain generated by the previous steps. To do that, we need to order the 
domains present at the end of each step, so as to choose the one to use in the next step. 
For this purpose, we introduce a deterministic countable set of points V that are dense in 
C and are endowed with a deterministic order (here and below by deterministic we mean 
that they are assigned before the beginning of the construction and are independent of 
the SLEg's). 

The first step consists of an SLEq path, 71 = jn,-i,i, inside D from —i to i, which 
produces many domains that are the connected components of the set © \ 71 [0, 1]. These 
domains can be priority-ordered according to the maximal x- or y- coordinate distances 
between points on their boundaries and using the rank of the points in V (contained in 
the domains) to break ties, as follows. For a domain D, let dm{D) be the maximal x- 
or y-distance between points on its boundary, whichever is greater. Domains with larger 
dm have higher priority, and if two domains have the same d^, the one containing the 
highest ranking point of V from those two domains has higher priority. The priority order 
of domains of course changes as the construction proceeds and new domains are formed. 

The second step of the construction consists of an SLEq path, 72, that is produced 
in the domain with highest priority (after the first step). Since all the domains that are 
produced in the construction are Jordan domains, as explained in the discussion following 
Corollary 15.11 for all steps we can use the definition of chordal SLE given in Section 12.41 

As a result of the construction, the SLEq paths are naturally ordered: {7j}jeN- It will 
be shown (see especially the proof of Theorem below) that every domain that is formed 
during the construction is eventually used (this is in fact one important requirement in 
deciding how to order the domains and therefore how to organize the construction). 

So far we have not explained how to choose the starting and ending points of the SLEq 
paths on the boundaries of the domains. In order to do this, we give an orientation to the 
boundaries of the domains produced by the construction according to the rules explained 
in Section IH.ll We call monochromatic a boundary which gets, as a consequence of 
those rules, a well defined (clockwise or counterclockwise) orientation; the choice of this 
term will be clarified when we discuss the lattice version of the loop construction below. 
We will generally take our initial domain ]D>i (or D^j) to have a monochromatic boundary 
(either clockwise or counterclockwise orientation). 

It is easy to see by induction that the boundaries that are not monochromatic are 
composed of two "pieces" joined at two special points (call them A and B, as in the 
example of Section EUl) , such that one piece is a portion of the boundary of a previous 
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domain, and the other is the inner perimeter of an excursion (see again Section ITTj) . Both 
pieces are oriented in the same direction, say from A to B (see Figure Q). 

For a domain whose boundary is not monochromatic, we make the "natural" choice 
of starting and ending points, corresponding to the end and beginning of the excursion 
that produced the domain (the points B and A respectively, in the example above). As 
explained in Section 13.11 when such a domain is used with this choice of points on the 
boundary, a loop is produced, together with other domains, whose boundaries are all 
monochromatic. 

For a domain whose boundary is monochromatic, and therefore has a well defined 
orientation, there are various procedures which would yield the "correct" distribution for 
the resulting Continuum Nonsimple Loop process; one possibility is as follows. 

Given a domain a and h are chosen so that, of all pairs (m, v) of points in dD, they 
maximize |Re(M — v)\ if |Re(M — v)\> |Im(M — v)\, or else they maximize |Im(M — v)\. If 
the choice is not unique, to restrict the number of pairs one looks at those pairs, among 
the ones already obtained, that maximize the other of {|Re(M — f )|, |Im(M — f )|}. Notice 
that this leaves at most two pairs of points; if that's the case, the pair that contains 
the point with minimal real (and, if necessary, imaginary) part is chosen. The iterative 
procedure produces a loop every time a domain whose boundary is not monochromatic 
is used. Our basic loop process consists of the collection of all loops generated by this 
inductive procedure (i.e., the limiting object obtained from the construction by letting 
the number of steps k — > oo), to which we add a "trivial" loop for each z in so that 
the collection of loops is closed in the appropriate sense [2] . The Continuum Nonsimple 
Loop process in the whole plane is introduced in Theorem Sectional There, a "trivial" 
loop for each z G C U oo has to be added to make the space of loops closed. 

4 Lattices and Paths 

We will denote by T the two-dimensional triangular lattice, whose sites we think of as the 
elementary cells of a regular hexagonal lattice Ti embedded in the plane as in Figure |21 
A sequence (^o;---;^n) of sites of T such that and are neighbors in T for all 
z = 1, . . . , and 7^ E,j whenever i ^ j will be called a T-path and denoted by vr. If the 
first and last sites of the path are neighbors in T, the path will be called a T-loop. 

We say that a finite subset D of T is simply connected if both D and T \ D are 
connected (by the edges of T). For a simply connected set D of hexagons, we denote by 
AD its external site boundary, or s-boundary (i.e., the set of hexagons that do not 
belong to D but are adjacent to hexagons in D), and by dD the topological boundary 
of D when D is considered as a domain of C We will call a bounded, simply connected 
subset D oiT a. Jordan set if its s-boundary AD is a T-loop. 

For a Jordan set D G T, a. vertex x GTi that belongs to dD can be either of two types, 
according to whether the edge incident on x that is not in dD belongs to a hexagon in D 
or not. We call a vertex of the second type an e- vertex (e for "external" or "exposed"). 

Given a Jordan set D and two e-vertices x, y in dD, we denote by dx,yD the portion of 
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dD traversed counterclockwise from x to and call it the right boundary; the remaining 
part of the boundary is denote by dy^^D and is called the left boundary. Analogously, 
the portion of Ax^yD of AD whose hexagons are adjacent to dx,yD is called the right 
s-boundary and the remaining part the left s-boundary. 




Figure 2: Portion of the hexagonal lattice. 

A percolation configuration a = {o"(^)}^g7- G { — 1, +1}^ on T is an assignment of 
— 1 (equivalently, yellow) or +1 (blue) to each site of T. For a domain D of the plane, the 
restriction to the subset D fl T of T of the percolation configuration a is denoted by o"/). 
On the space of configurations S = { — we consider the usual product topology 
and denote by P the uniform measure, corresponding to Bernoulli percolation with equal 
density of yellow (minus) and blue (plus) hexagons, which is critical percolation in the 
case of the triangular lattice. 

A (percolation) cluster is a maximal, connected, monochromatic subset of T; we will 
distinguish between blue (plus) and yellow (minus) clusters. The boundary of a cluster 
D is the set of edges of H that surround the cluster (i.e., its Peierls contour); it coincides 
with the topological boundary of D considered as a domain of C. The set of all boundaries 
is a collection of "nested" simple loops along the edges of H. 

Given a percolation configuration a, we associate an arrow to each edge of TC belonging 
to the boundary of a cluster in such a way that the hexagon to the right of the edge 
with respect to the direction of the arrow is blue (plus). The set of all boundaries then 
becomes a collection of nested, oriented, simple loops. A boundary path (or b-path) 
7 is a sequence (cq, . . . , e„) of distinct edges of TC belonging to the boundary of a cluster 
and such that Cj-i and meet at a vertex of ?^ for alH = 1, . . . , n. To each b-path, we 
can associate a direction according to the direction of the edges in the path. 

Given a b-path 7, we denote by TBi'j) (respectively, ry(7)) the set of blue (resp., 
yellow) hexagons (i.e., sites of T) adjacent to 7; we also let r(7) = Tsij) U ry(7). 
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4.1 The Percolation Exploration Process and Path 

For a Jordan set D G T and two e- vertices x, y in dD, imagine coloring blue all the 
hexagons in A^^yD and yellow all those in Ay^^D. Then, for any percolation configuration 
aD inside D, there is a unique b-path 7 from x to y which separates the blue cluster 
adjacent to A^^yD from the yellow cluster adjacent to Ay^^D. We call 7 = 'jD,x,y{o'D) a 
percolation exploration path (see Figure EI). 

An exploration path 7 can be decomposed into left excursions S, i.e., maximal b- 
subpaths of 7 that do not use edges of the left boundary dy^xD. Successive left excursions 
are separated by portions of 7 that contain only edges of the left boundary dy^^D. Anal- 
ogously, 7 can be decomposed into right excursions, i.e., maximal b-subpaths of 7 that 
do not use edges of the right boundary d^^yD. Successive right excursions are separated 
by portions of 7 that contain only edges of the right boundary d^^yD. 

Notice that the exploration path 7 = 'yD,x,y{crD) only depends on the percolation 
configuration an inside D and the positions of the e- vertices x and y; in particular, it does 
not depend on the color of the hexagons in AD, since it is defined by imposing fictitious 
± boundary conditions on D. To see this more clearly, we next show how to construct 
the percolation exploration path dynamically, via the percolation exploration process 
defined below. 

Given a Jordan set D C T and two e-vertices x,y in dD, assign to dx,yD a counter- 
clockwise orientation (i.e., from x to y) and to dy^^D a clockwise orientation. Call the 
edge incident on x that does not belong to dD and orient it in the direction of x; this is 
the "starting edge" of an exploration procedure that will produce an oriented path inside 
D along the edges of Ti, together with two nonsimple monochromatic paths on T. From 
Cx, the process moves along the edges of hexagons in D according to the rules below. 
At each step there are two possible edges (left or right edge with respect to the current 
direction of exploration) to choose from, both belonging to the same hexagon ^ contained 
in D or AD. 

• If ^ belongs to D and has not been previously "explored," its color is determined 
by fiipping a fair coin and then the edge to the left (with respect to the direction 
in which the exploration is moving) is chosen if ^ is blue (plus), or the edge to the 
right is chosen if ^ is yellow (minus). 

• If ^ belongs to D and has been previously explored, the color already assigned to it 
is used to choose an edge according to the rule above. 

• If ^ belongs to the right external boundary Ax^yD, the left edge is chosen. 

• If belongs to the left external boundary Ay xD, the right edge is chosen. 

• The exploration process stops when it reaches b. 

We can assign an arrow to each edge in the path in such a way that the hexagon to the 
right of the edge with respect to the arrow is blue; for edges in dD, we assign the arrows 
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according to the direction assigned to the boundary. In this way, we get an oriented path, 
whose shape and orientation depend solely on the color of the hexagons explored during 
the construction of the path. 




Figure 3: Percolation exploration process in a portion of the hexagonal lattice with ± 
boundary conditions on the first column, corresponding to the boundary of the region 
where the exploration is carried out. The colored hexagons that do not belong to the first 
column have been "explored" during the exploration process. The heavy line between yel- 
low (light) and blue (dark) hexagons is the exploration path produced by the exploration 
process. 

When we present the discrete construction, we will encounter Jordan sets D with 
two e- vertices x,y G dD assigned in some way to be discussed later. Such domains 
will have either monochromatic (plus or minus) boundaries or ± boundary conditions, 
corresponding to having both A^^yD and Ay^^D monochromatic, but of different colors. 

As explained, the exploration path 7d,z,?/ does not depend on the color of AD, but the 
interpretation of 'jD,x,y does. For domains with ± boundary conditions, the exploration 
path represents the interface between the yellow cluster containing the yellow portion of 
the s-boundary of D and the blue cluster containing its blue portion. 

For domains with monochromatic blue (resp., yellow) boundary conditions, the explo- 
ration path represents portions of the boundaries of yellow (resp., blue) clusters touching 
dy^xD and adjacent to blue (resp., yellow) hexagons that are the starting point of a blue 
(resp., yellow) path (possibly an empty path) that reaches d^^yD, pasted together using 
portions of dy^^D. 

In order to study the continuum scaling limit of an exploration path, we introduce the 
following definitions. 

Definition 4.1. Given a hounded, simply connected domain D of the plane, we denote by 
the largest Jordan set of hexagons of the scaled hexagonal lattice 6T-C that is contained 
in D, and call it the ^-approximation of D. 

It is clear that if D is a Jordan domain, then as 5 ^ 0, dD^ converges to dD in the 
metric (0)- 
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Definition 4.2. Let D be a bounded domain of the plane and its 6 -approximation. 
For a,b (z dD, choose the pair (xq, x;,) of e-vertices in dD^ closest to, respectively, a and 
b (if there are two such vertices closest to a, we choose, say, the first one encountered 
going clockwise along dD^ , and analogously for b). Given a percolation configuration a, 
we define the exploration path JDabi'^) = lD^,xa,xti'^) ■ 

For a fixed 6 > 0, the measure P on percolation configurations a induces a measure 
f^Dab '^^ exploration paths 7£)afe(c")- In the continuum scaling limit, 5 — > 0, one is 
interested in the weak convergence of /if^^j, to a measure jJD,a,b supported on continuous 
curves, with respect to the uniform metric (j21) on continuous curves. 

One of the main tools in this paper is the result on convergence to SLEq announced 
by Smirnov [30] (see also [31]), whose detailed proof is to appear [32]: The distribution 

'^D ab converges, as 6 ^ 0, to that of the trace of chordal SLEq inside D from a to b, 
with respect to the uniform metric (0j on continuous curves. 

Actually, we will rather use a slightly stronger conclusion, given as statement (S) at 
the beginning of Section El below, a version of which, according to [34] (see p. 734 there), 
and [33], will be contained in [32]. This stronger statement is that the convergence of the 
percolation process to SLEq takes place locally uniformly with respect to the shape of the 
domain D and the positions of the starting and ending points a and b on its boundary dD. 
We will use this version of convergence to SLEq to identify the Continuum Nonsimple 
Loop process with the scaling limit of all critical percolation clusters. Statement (S) is 
a direct consequence of Corollary lA.H which is proved in Appendix El Although the 
convergence statements in Corollarv lA. II and in (S) are stronger than those in [30,31], we 
note that they are restricted to Jordan domains, a restriction not present in [30,31]. 

Before concluding this section, we give one more definition. Consider the exploration 
path 7 = lD,x,y S'Hd the set r(7) = ry(7) UVb^i). The set \ r(7) is the union of its 
connected components (in the lattice sense), which are simply connected. If the domain 
D is large and the e-vertices Xa,ya ^ dD^ are not too close to each other, then with high 
probability the exploration process inside will make large excursions into D^, so that 
D^\T{-f) will have more than one component. Given a point z E C contained in D^\T('j), 
we will denote by D^f^^z) the domain corresponding to the unique element of \ r(7) 
that contains z (notice that for a deterministic z E D, D^i^{z) is well defined with high 
probability for 6 small, i.e., when z G and z ^ r(7)). 

4.2 Discrete Loop Construction 

Next, we show how to construct, by twice using the exploration process described in 
Section 14.11 a loop A along the edges of Ti corresponding to the external boundary 
of a monochromatic cluster contained in a large, simply connected, Jordan set D with 
monochromatic blue (say) boundary conditions (see Figures El and . 

Consider the exploration path 7 = 7_d,x,j/ and the sets ry(7) and Tb^j) (see Figure Ej). 
The set D \ {ry(7) U TB^'y)} is the union of its connected components (in the lattice 
sense), which are simply connected. If the domain D is large and the e-vertices x,y E dD 
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are chosen not too close to each other, with large probability the exploration process 
inside D will make large excursions into Z), so that D \ {ry(7) U T b{i)} will have many 
components. 

There are four types of components which may be usefully thought of in terms of their 
external site boundaries: (1) those components whose site boundary contains both sites 
in ry(7) and ^y^^D, (2) the analogous components with Ay^^D replaced by A^^yD and 
ry(7) by Tsij), (3) those components whose site boundary only contains sites in Ty{S), 
and finally (4) the analogous components with ry(7) replaced by Tsij)- 

Notice that the components of type 1 are the only ones with ± boundary conditions, 
while all other components have monochromatic s-boundaries. For a given component D' 
of type 1, we can identify the two edges that separate the yellow and blue portions of its 
s-boundary. The vertices x' and y' of Ti. where those two edges intersect dD' are e- vertices 
and are chosen to be the starting and ending points of the exploration path ■yD',x',y' inside 
D'. 

If x", y" G dD are respectively the ending and starting points of the left excursion 
£ of 7d,x,j/ that "created" D', by pasting together £ and '~iD',x\y' with the help of the 
edges of dD contained between x' and x" and between y' and y" , we get a loop A which 
corresponds to the boundary of a yellow cluster adjacent to dy^^D (see Figure Ej). Notice 
that the path 7d',x',j/' in general splits D' into various other domains, all of which have 
monochromatic boundary conditions. 

4.3 Full Discrete Construction 

We now give the algorithmic construction for discrete percolation which is the analogue 
of the continuum one. Each step of the construction is a single percolation exploration 
process; the order of successive steps is organized as in the continuum construction detailed 
in Section 13.21 We start with the smallest Jordan set Dq = D"^ of hexagons that covers 
the unit disc D. We will also make use of the countable set V of points dense in C that 
was introduced earlier. 

The first step consists of an exploration process inside Dq. For this, we need to select 
two points X and y in ODq (which identify the starting and ending edges). We choose 
for X the e- vertex closest to —i, and for y the e- vertex closest to i (if there are two such 
vertices closest to —i, we can choose, say, the one with smallest real part, and analogously 
for i). The first exploration produces a path 7^ and, for 6 small, many new domains of 
all four types. These domains are ordered according to the maximal x- or y- distance d^ 
between points on their boundaries and, if necessary, with the help of points in V, as in 
the continuum case, and that order is used, at each step of the construction, to determine 
the next exploration process. With this choice, the exploration processes and paths are 
naturally ordered: 7^, 73, . . . . 

Each exploration process of course requires choosing a starting and ending vertex and 
edge. For domains of type 1, with a ± or =p boundary condition, the choice is the natural 
one, explained before. 

For a domain Df (used at the kth step) of type other than 1, and therefore with 
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Figure 4: First step of the construction of the outer contour of a cluster of yellow/minus 
(hght in the figure) hexagons consists of an exploration from the vertex xtoy (heavy line). 
The outer layer of hexagons does not belong to the domain where the explorations are 
carried out, but represents its monochromatic blue/plus external site boundary, x" and 
y" are the ending and starting points of a left excursion that determines a new domain D', 
and x' and y' are the vertices where the edges that separate the yellow and blue portions 
of the s-boundary of D' intersect dD'. 



a monochromatic boundary, the starting and ending edges are chosen with a procedure 
that mimics what is done in the continuum case. Once again, the exact procedure used 
to choose the pair of points is not important, as long as they are not chosen too close to 
each other. This is clear in the discrete case because the procedure that we are presenting 
is only "discovering" the cluster boundaries. In more precise terms, it is clear that one 
could couple the processes obtained with different rules by means of the same percolation 
configuration, thus obtaining exactly the same cluster boundaries. 

As in the continuum case, we can choose the following procedure. (In Theorem^ we 
will slightly reorganize the procedure by using a coupling to the continuum construction 
to guarantee that the order of exploration of domains of the discrete and continuum 
procedures match despite the rules for breaking ties.) Given a domain D, x and y are 
chosen so that, of all pairs {u, v) of points in dD, they maximize |Re(M — f)| if |Re(M— f )| > 
|Im(M — v)\, or else they maximize |Im(M — v)\. If the choice is not unique, to restrict the 
number of pairs one looks at those pairs, among the ones already obtained, that maximize 
the other of {|Re(u — f)|, |Im(M — f)|}. Notice that this leaves at most two pairs of points; 
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Figure 5: Second step of the construction of the outer contour of a cluster of yellow/minus 
(hght in the figure) hexagons consisting of an exploration from x' to y' whose resulting path 
(heavy broken line) is pasted to the left excursion generated by the previous exploration 
with the help of edges (indicated again by a heavy broken line) of dD contained between 
x' and x" and between y' and y" . 



if that's the case, the pair that contains the point with minimal real (and, if necessary, 
imaginary) part is chosen. 

The procedure continues iteratively, with regions that have monochromatic boundaries 
playing the role played in the first step by the unit disc. Every time a region with ± 
boundary conditions is used, a new loop, corresponding to the outer boundary contour of 
a cluster, is formed by pasting together, as explained in Section 13.11 the new exploration 
path and the excursion containing the region where the last exploration was carried out. 
All the new regions created at a step when a loop is formed have monochromatic boundary 
conditions. 

5 Main Results 

In this section we collect our main results about the Continuum Nonsimple Loop process. 
Before doing that, we state a precise version, called statement (S), on convergence of 
exploration paths to SLEq that we will use in the proofs of these results, presented 
in Section IHl (A proof of statement (S) is given in Appendix [Xj it is an immediate 
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consequence of Corollarv lA.il there. The proof relies, among other things, on the result of 
Smirnov [30] concerning convergence of crossing probabilities to Cardy's formula [10,11] 
- see Theorem m) We note that (S) or (Corollary lA.ljl is both more general and more 
special than the convergence statements in [30, 31] — more general in that the domain 
can vary with 5 as 5 — > 0, but more special in the restriction to Jordan domains. 

Given a Jordan domain D with two distinct points a,b E dD on its boundary, let 
^J'D,a,b denote the law of ■yD,a,b, the trace of chordal SLEq, and let fij^ab denote the law of 
the percolation exploration path 7^ ^ ^. Let X be the space of continuous curves inside D 

from a to b. We define pilJ-D,a,b, fJ-%,a,b) = ^^^{^ > ■ I^D,a,b{U) < /^D,a,b(Uxec/ ^d(a;, e)) + 
e for all Borel U G X} (where Bii{x, e) denotes the open ball of radius e centered at x in 

the metric (0)) and denote by dp{fiD,a,b, fJ^D^a,b) = ^^'^{p{l^D,a,b, l^D,a,b)^ P{lA>,a,b^ ^D,a,b)} 
the Prohorov distance; weak convergence is equivalent to convergence in the Prohorov 
metric. Statement (S) is the following; it is used in the proofs of all the results of this 
section except for Lemmas 15.1115.21 

(S) For Jordan domains, there is convergence in distribution of the percolation explo- 
ration path to the trace of chordal SLE^ that is locally uniform in the shape of the 
boundary with respect to the uniform metric on continuous curves and in the lo- 
cation of the starting and ending points with respect to the Euclidean metric; i.e., for 
(D, a, h) a Jordan domain with a, 6 G dD, We > 0, 3a;o = ao{s) and 60 = So{e) such 
that for all {D', a', b') with D' Jordan and with max {d{dD, dD'), \a — a'\,\b — b'\) < ao 

and S < 60, dp{l2D',a',b',IJ'D',a',b') < ^• 

5.1 Preliminary Results 

We first give some important results which are needed in the proofs of the main theorems. 
We start with two lemmas which are consequences of [2], of standard bounds on the prob- 
ability of events corresponding to having a certain number of monochromatic crossings of 
an annulus (see Lemma 5 of [16] and Appendix A of [20]), but which do not depend on 
statement (S). 

Lemma 5.1. Let 7^ _j ^ be the percolation exploration path on the edges of STi inside (the 
5 -approximation of)3 between (the e-vertices closest to) —i and i. For any fixed point 
z G D, chosen independently of •y^ _^ ^, as 6 ^ 0, 7^ _^ ^ and the boundary &D)^_^^{z) of the 
domain ^3^_^^[z) that contains z jointly have limits in distribution along subsequences of 5 
with respect to the uniform metric (0) on continuous curves. Moreover, any subsequence 
limit o/9Dljj(2;) is almost surely a simple loop [3]. 

Lemma 5.2. Using the notation of Lemma \5.1l let 7B,-j,j be the limit in distribution of 
6 ^ along some convergent subsequence {Sk} and 9D_j j(z) the boundary of the 

domain B>_i^i{z) 0/ D \ 7i3^_j_j[0, 1] that contains z. Then, as k ^ 00, {'y^_^^,d3^_^^^^{z)) 
converges in distribution to {jo^^i^i, dB>^i^i{z)) . 

The two lemmas above are important ingredients in the proof of Theorem^below. The 
second one says that, for every subsequence limit, the discrete boundaries converge to the 
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boundaries of the domains generated by the hmiting continuous curve. If we use statement 
(S), then the hmit of 'Jo -a the trace of chordal SLEq for every subsequence 

6k I 0, and we can use Lemmas 15.21 and 15.11 to deduce that all the domains produced 
in the continuum construction are Jordan domains. The key step in that direction is 
represented by the following result, our proof of which relies on (S). 

Corollary 5.1. For any deterministic ^ G D, the boundary dl!)^i^i{z) of a domain ]D)_i^i{z) 
of the continuum construction is almost surely a Jordan curve. 

The corollary says that the domains that appear after the first step of the continuum con- 
struction are Jordan domains. The steps in the second stage of the continuum construction 
consist of SLEq paths inside Jordan domains, and therefore Corollary combined with 
Riemann's mapping theorem and the conformal invariance of SLEq, implies that the do- 
mains produced during the second stage are also Jordan. By induction, we deduce that 
all the domains produced in the continuum construction are Jordan domains. 

We end this section with one more lemma which is another key ingredient in the proof 
of Theorem we remark that its proof requires (S) in a fundamental way. 

Lemma 5.3. Let {D, a, b) denote a random Jordan domain, with a, b two points on 
dD. Let {(-Dfc, Ofc, ciki^k ^ dD^, be a sequence of random Jordan domains with 

points on their boundaries such that, as k ^ oo, {dDk, ak, bk) converges in distribution to 
{dD, a, b) with respect to the uniform metric ^ on continuous curves, and the Euclidean 
metric on (a, b). For any sequence {Sk}keN with 6k i as k ^ oo, converges in 

distribution to '~fD,a,b with respect to the uniform metric ^ on continuous curves. 

5.2 The Main Theorems 

In this section we state the main theorems of this paper and a corollary, our most impor- 
tant result, that the Continuum Nonsimple Loop process is the scaling limit of the set of 
all cluster boundaries for critical site percolation on the triangular lattice. The corollary 
is obtained by combining the first two theorems. The proofs of all these results rely on 
statement (S). As noted before, statement (S) is proved in Appendix 1X1 

Theorem 1. For any /c G N, the first k steps of (a suitably reorganized version of) the full 
discrete construction inside the unit disc ( of Section \4 ■ !^ converge, jointly in distribution, 
to the first k steps of the full continuum construction inside the unit disc (of Section VJ. jj)) . 
Furthermore, the scaling limit of the full (original or reorganized) discrete construction is 
the full continuum construction. 

Moreover, if for any fixed e > Q we let Ks{e) denote the number of steps needed to find 
all the cluster boundaries of Euclidean diameter larger than e in the discrete construction, 
then Ks{e) is bounded in probability as 6 0; i.e., \imc-,oo^i^supg_^QF{Ks{e) > C) = 0. 
This is so in both the original and reorganized versions of the discrete construction. 

The second part of Theorem Q means that both versions of the discrete construction 
used in the theorem find all large contours in a number of steps which does not diverge as 



19 



5 — s> 0. This, together with the first part of the same theorem, imphes that the continuum 
construction does indeed describe all macroscopic contours contained inside the unit disc 
(with blue boundary conditions) as 5 ^ 0. 

The construction presented in Section 021 can of course be repeated for the disc 3f> of 
radius R, for any R, so we should take a "thermodynamic limit" by letting i? cxd. In 
this way, we would eliminate the boundary (and the boundary conditions) and obtain a 
process on the whole plane. Such an extension from the unit disc to the plane is contained 
in the next theorem. 

Let Pr be the (limiting) distribution of the set of curves (all continuum nonsimple 
loops) generated by the continuum construction inside B)r (i.e., the hmiting measure, 
defined by the inductive construction, on the complete separable metric space Qr of 
collections of continuous curves in D/j). 

For a domain D, we denote by In the mapping (on Q or Qr) in which all portions of 
curves that exit D are removed. When applied to a configuration of loops in the plane. 
Id gives a set of curves which either start and end at points on dD or form closed loops 
completely contained in D. Let Id be the same mapping lifted to the space of probability 
measures on Q or Qpt- 

Theorem 2. Theorem^ implies that there exists a unique probability measure P on the 
space Q of collections of continuous curves in such that Pr P as R ^ oo in the 
sense that for every bounded domain D, as R oo, IdPr IdP ■ 

Remark 5.1. We remark that we will generally take monochromatic blue boundary con- 
ditions on the disc of radius R. But one could also take monochromatic boundary 
conditions with color depending on R or even non-monochromatic boundary conditions 
without any essential change in the results or the proofs. 

Corollary 5.2. The Continuum Nonsimple Loop process P in the plane defined in The- 
orem is the scaling limit of the collection of all boundary contours for critical site per- 
colation on the triangular lattice. 

The next theorem states some properties of the Continuum Nonsimple Loop process 
in the plane. 

Theorem 3. The Continuum Nonsimple Loop process in the plane has the following 
properties, the first three of which are valid with probability one: 

1. The Continuum Nonsimple Loop process is a random collection of noncrossing con- 
tinuous loops in the plane. The loops can and do touch themselves and each other 
many times, but there are no triple points; i.e. no three or more loops can come 
together at the same point, and a single loop cannot touch the same point more than 
twice, nor can a loop touch a point where another loop touches itself. 

2. Any deterministic point (i.e., chosen independently of the loop process) of the plane 
is surrounded by an infinite family of nested loops with diameters going to both zero 
and infinity; any annulus about that point with inner radius ri > and outer radius 
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r2 < oo contains only a finite number of those loops. Consequently, any two distinct 
deterministic points of the plane are separated by loops winding around each of them. 

3. Any two loops are connected by a finite "path" of touching loops. 

4. The Continuum Nonsimple Loop process is conformally invariant in the sense that, 
given a Jordan domain D and a conformal homeomorphism f : D D' onto D' , 
the scaling limits, Po and P^/ , of the loops inside D and D' taken with, say, blue 
boundary conditions are related by f*PD = Pd' ■ (Here f*PD denotes the probability 
distribution of the loop process f{X) when X is distributed by Pd-) 

To conclude this section, we show how to recover chordal SLEq from the Continuum 
Nonsimple Loop process, i.e., given a (deterministic) Jordan domain D with two boundary 
points a and 6, we give a construction that uses the continuum nonsimple loops of P to 
generate a process distributed like chordal SLEq inside D from a to b. 

Remember, first of all, that each continuum nonsimple loop has either a clockwise or 
counterclockwise direction, with the set of all loops surrounding any deterministic point 
alternating in direction. For convenience, let us suppose that a is at the "bottom" and b 
is at the "top" of D so that the boundary is divided into a left and right part by these 
two points. Fix e > and call LR{e) the set of all the directed segments of loops that 
connect from the left to the right part of the boundary touching dD at a distance larger 
than e from both a and b, and RL{e) the analogous set of directed segments from the 
right to the left portion of dD. For a fixed e > 0, there is only a finite number of such 
segments, and, if they are ordered moving along the left boundary of D from a to b, they 
alternate in direction (i.e., a segment in LR[e) is followed by one in RL{e) and so on). 

Between a segment in RL[e) and the next segment in LR{e), there are countably 
many portions of loops intersecting D which start and end on dD and are maximal in 
the sense that they are not contained inside any other portion of loop of the same type; 
they all have counterclockwise direction and can be used to make a "bridge" between the 
right-to- left segment and the next one (in LR{e)). This is done by pasting the portions of 
loops together with the help of points in dD and a limit procedure to produce a connected 
(nonsimple) path. 

If we do this for each pair of successive segments on both sides of the boundary of D, 
we get a path that connects two points on dD. By letting e — and taking the limit of 
this procedure, since almost surely a and b are surrounded by an infinite family of nested 
loops with diameters going to zero, we obtain a path that connects a with b; this path is 
distributed as chordal SLEq inside D from a to b. The last claim follows from considering 
the analogous procedure for percolation on the discrete lattice 6T-C, using segments of 
boundaries. It is easy to see that in the discrete case this procedure produces exactly the 
same path as the percolation exploration process. By Corollarv 15.21 the scaling limit of 
this discrete procedure is the continuum one described above, therefore the claim follows 
from (S). 
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6 Proofs 



In this section we present the proofs of the results stated in Sectional 

Proof of Lemma 15. IL The first part of the lemma is a direct consequence of [2]; it 
is enough to notice that the (random) polygonal curves 7o _j j and 9Dlj ^(2) satisfy the 
conditions in [2] and thus have a scaling limit in terms of continuous curves, at least along 
subsequences of 6. 

To prove the second part, we use standard percolation bounds (see Lemma 5 of [16] 
and Appendix A of [20]) to show that, in the limit 5 — > 0, the loop (9©lj j(z) does not 
collapse on itself but remains a simple loop. 

Let us assume that this is not the case and that the limit 7 of dli^J^- -(z) along some 
subsequence {^fcjfceN touches itself, i.e., 7(^0) = 7(^1) for ^0 7^ ^1 with positive probability. 
If that happens, we can take e > e' > small enough so that the annulus B{'y{ti),e) \ 
B{'y{ti),e') is crossed at least four times by 7 (here B{u, r) is the ball of radius r centered 
at u). 

Because of the choice of topology, the convergence in distribution of SDI*- -(2;) to 7 
implies that we can find coupled versions of aO?. .(z) and 7 on some probability space 
{Q',B',F') such that d{dBtii{z),^) 0, for all u' e Q' as k ^ 00 (see, for example. 
Corollary 1 of [6]). 

Using this coupling, we can choose k large enough (depending on u') so that 9Di*^- -(2;) 
stays in an e'/2-neighborhood M{'y,e'/2) = [j^^- B{u,e' /2) of 7. This event however 
would correspond to (at least) four paths of one color (corresponding to the four crossings 
by d]D)\i{z)) and two of the other color of the annulus B{^{ti),e - e' /2)\B{j{ti),3e' /2). 
As 6k 0, we can let e' —>■ 0, in which case the probability of seeing the event just 
described somewhere inside D goes to zero [16,20], leading to a contradiction, q 

Proof of Lemma 15. 2L Let {5fc}fc6N be a convergent subsequence for 7^ _^ ^ and 7 = 7B,-i,i 
the limit in distribution of 7^''_j j as — > 00. For simplicity of notation, in the rest of the 
proof we will drop the k and write 6 instead of 6k- Because of the choice of topology, the 
convergence in distribution of 7'' = 7^ _j ^ to 7 implies that we can find coupled versions 
of 7*^ and 7 on some probability space {Q',B',F') such that d(7^(c<j'), 7(^1;')) 0, for all 
u' as k ^ 00 (see, for example. Corollary 1 of [6]). Using this coupling, our first task will 
be to prove the following claim: 

(C) For two (deterministic) points u,v e3, the probability that D_j j('u) = D_j ,((t>) but 
Dljj(M) 7^ ^-iii'^) oi' vice versa goes to zero as (5 — 0. 

Let us consider first the case of u,v such that D_j,j(M) = D_j^j(f) but Dljj('u) 7^ 
Dlj j(t'). Since D_j_j(M) is an open subset of C, there exists a continuous curve ■yu,v joining 
u and V and a constant e > such that the e-neighborhood N'{pfu,vi^) of the curve is 
contained in D_j_j(M), which implies that 7 does not intersect A/'(7„,t,, e). Now, if 7'' does 
not intersect A/'(7n,t,, e/2), for 6 small enough, then there is a T-path tt of unexplored 
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hexagons connecting the hexagon that contains u with the hexagon that contains v, and 
we conclude that ©^^^^(m) = ^ii^i{v). 

This shows that the event that D_j,j('u) = D_j^j(f) but Dijj(-u) 7^ Dijj(f) imphes 
the existence of a curve ■yu,v whose e-neighborhood N'{'ju,v, is not intersected by 7 but 
whose £/2-neighborhood A''(7u,^;, is intersected by 7''. This imphes that \/u,v e D, 
3£ > such that r{B)_i^i{u) = B)_i^i{v) but Dii,i(it) 7^ ©ij.iC^^)) < P'(d(7^7) > e/2). 
But the right hand side goes to zero for every £ > as 5 — > 0, which concludes the proof 
of one direction of the claim. 

To prove the other direction, we consider two points u,v & D such that D-i^i{u) 7^ 
D_i^i(v) but Dti^i{u) = Dti^i{v). Assume that u is trapped before by 7 and suppose for 
the moment that B>_i^i{u) is a domain of type 3 or 4; the case of a domain of type 1 or 
2 is analogous and will be treated later. Let ti be the first time u is trapped by 7 with 
7 (to) = 7(^1) the double point of 7 where the domain D_j j(-u) containing u is "sealed off." 
At time ti, a new domain containing u is created and v is disconnected from ti. 

Choose £ > small enough so that neither u nor v is contained in the ball ^(7(^1), 
of radius e centered at 7(ti), nor in the ^-neighborhood J\f{'y[tQ,ti],e) of the portion of 
7 which surrounds u. Then it follows from the coupling that, for S small enough, there 
are appropriate parametcrizations of 7 and 7^ such that the portion 7''[io,^i] of J^{t) is 
inside M^jltojti], s), and 7''(to) and J^iti) are contained in B{'y{ti),s). 

For u and v to be contained in the same domain in the discrete construction, there 
must be a T-path tt of unexplored hexagons connecting the hexagon that contains u to 
the hexagon that contains v. From what we said in the previous paragraph, any such 
T-path connecting u and v would have to go though a "bottleneck" in B{'~f(ti),e). 

Assume now, for concreteness but without loss of generality, that D_j^j(ti) is a do- 
main of type 3, which means that 7 winds around u counterclockwise, and consider the 
hexagons to the "left" of ^^[tQ,ti]. Those hexagons form a "quasi-loop" around u since 
they wind around it (counterclockwise) and the first and last hexagons are both contained 
in B{'y{ti),e). The hexagons to the left of 7^[to,ti] belong to the set ry(7'^), which can 
be seen as a (nonsimple) path by connecting the centers of the hexagons in ry(7'^) by 
straight segments. Such a path shadows 7*, with the difference that it can have double 
(or even triple) points, since the same hexagon can be visited more than once. Consider 
ry(7'^) as a path 7'' with a given parametrization ^{t), chosen so that 'y^{t) is inside 
B{'y(ti),e) when 7^(t) is, and it winds around u together with 'J^it). 

Now suppose that there were two times, to and ti, such that Yi'ti) = 7^(^o) ^ 
B{j{ti),s) and 7''[to;^i] winds around u. This would imply that the "quasi-loop" of 
explored yellow hexagons around u is actually completed, and that -Df f,(v) 7^ D^,^(u). 
Thus, for u and v to belong to the same discrete domain, this cannot happen. 

For any < e' < e, if we take S small enough, 7^ will be contained inside A/'(7,£'), 
due to the coupling. Following the considerations above, the fact that u and v belong to 
the same domain in the discrete construction but to different domains in the continuum 
construction implies, for 5 small enough, that there are four disjoint yellow T-paths 
crossing the annulus B{'y{ti).e) \ B{j{ti),e') (the paths have to be disjoint because, as 
we said, 7'' cannot, when coming back to B{'y{ti),e) after winding around u, touch itself 
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inside B{'j(ti),e)). Since B{j(ti),e) \ B{'y(ti),e') is also crossed by at least two blue 
T-paths from Tb^'J^), there is a total of at least six T-patlis, not all of the same color, 
crossing the annulus B{'y{ti),e) \ B{'y(ti),e'). 

Let us call Au]{£, £') the event described above, where 7(^1) = w; a. standard bound [16] 
on the probability of six disjoint crossings (not all of the same color) of an annulus gives 
that the probability of Aw{e,e') scales as with a > 0. As 5 ^ 0, we can let e' 

go to zero (keeping e fixed); when we do this, the probability of Au]{s,£') goes to zero 
sufficiently rapidly with e' to conclude, like in the proof of Lemma I^TTl that the probability 
to see such an event anywhere in D goes to zero. 

In the case in which u belongs to a domain of type 1 or 2, let S be the excursion that 
traps u and 7(^0) ^ dlD) be the point on the boundary of © where S starts and 7(^1) G 
the point where it ends. Choose e > small enough so that neither u nor v is contained 
in the balls B{'y(to),e) and B{'j(ti),e) of radius e centered at 7(^0) and 7(^1), nor in the 
e-neighborhood J\f{£,e) of the excursion £. Because of the coupling, for S small enough 
(depending on e), shadows 7 along £, staying within J\f{S,e). If this is the case, any 
T-path of unexplored hexagons connecting the hexagon that contains u with the hexagon 
that contains v would have to go through one of two "bottlenecks," one contained in 
B{'y{to),s) and the other in 5(7(^1), e). 

Assume for concreteness (but without loss of generality) that u is in a domain of type 
1, which means that 7 winds around u counterclockwise. If we parameterize 7 and 7*^ 
so that 7''(to) £ -8(7(^0)5 £^) and 7*^(^1) G B{'y(ti),e), 7''[to)^i] forms a "quasi-excursion" 
around u since it winds around it (counterclockwise) and it starts inside i?e(7(to)) and 
ends inside Bei^jiti)). Notice that if 7'' touched dlD)^ , inside both Bs{j(to)) and i?e(7(ti)), 
this would imply that the "quasi-excursion" is a real excursion and that ^(f ) 7^ ^(-u). 

For any < e' < e, if we take 6 small enough, 7^ will be contained inside A/'(7, e'), due 
to the coupling. Therefore, the fact that ;,(f ) = ;,(«) implies, with probability going 
to one as (5 0, that for e > fixed and any < e' < e, enters the ball B{pf{ti),e') and 
does not touch dB>^ inside the larger ball B{j{ti),e), for i = or 1. This is equivalent to 
having at least two yellow and one blue T-paths (contained in 3^) crossing the annulus 
B{'j(ti),e) \B{'j(ti),e'). Let us call Bw{e,e') the event described above, where jiti) = w; 
a standard bound [20] (this bound can also be derived from the one obtained in [16]) on 
the probability of disjoint crossings (not all of the same color) of a semi-annulus in the 
upper half-plane gives that the probability of Bu]{£,£') scales as ( — )^+'^ with /3 > 0. (We 
can apply the bound to our case because the unit disc is a convex subset of the half- 
plane {x + iy : y > —1} and therefore the intersection of an annulus centered at say —i 
with the unit disc is a subset of the intersection of the same annulus with the half-plane 
{x + iy : y > —1} .) As 5 0, we can let e' go to zero (keeping e fixed), concluding that 
the probability that such an event occurs anywhere on the boundary of the disc goes to 
zero. 

We have shown that, for two fixed points f G D, having D_j_j(u) 7^ D_j^j(f) but 
i{u) = ©Ij j(f ) or vice versa implies the occurrence of an event whose probability goes 
to zero as 5 — > 0, and the proof of the claim is concluded. 

We now introduce the Hausdorff distance dH(^, -B) between two closed nonempty 
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subsets of ©: 

dH(A, B) = mi{i >0:BC Ua^AB{a, £),Ac UtesBib, £)}. (9) 

With this metric, the collection of closed subsets of © is a compact space. We will next 
prove that converges in distribution to dB>-i^i{z) as 5 — 0, in the topology 

induced by Q. (Notice that the coupling between 7'' and 7 provides a coupling between 
dBtiiiz) and 9D_i,i (z), seen as boundaries of domains produced by the two paths.) 

We will now use Lemma 15.11 and take a further subsequence fc„ of the (5's that for 
simplicity of notation we denote by {(5n}neN such that, as n — >• 00, {7''", SD^" -(z)} con- 
verge jointly in distribution to {7,7}, where 7 is a simple loop. For any e > 0, since 7 
is a compact set, we can find a covering of 7 by a finite number of balls of radius 6/2 
centered at points on 7. Each ball contains both points in the interior int(7) of 7 and in 
the exterior ext(7) of 7, and we can choose (independently of n) one point from int(7) 
and one from ext(7) inside each ball. 

Once again, the convergence in distribution of 9Dl"j ^(2;) to 7 implies the existence of a 
coupling such that, for n large enough, the selected points that are in int(7) are contained 

in dI" j(z), and those that are in ext(7) are contained in the complement of ]D>^Z\ i{z). But 
by claim (C), each one of the selected points that is contained in ©i"ii(2) is also contained 
in D„j j(z) with probability going to 1 as n ^ cxd; analogously, each one of the selected 

points contained in the complement of D^" ^(z) is also contained in the complement of 

Vi-i^i{z) with probability going to 1 as n ^ 00. This implies that d3_i^i{z) crosses each 
one of the balls in the covering of 7, and therefore 7 C l-iueao^i i{z)B{u, e) . From this and 
the coupling between 83^"- - {z) and 7, it follows immediately that, for n large enough, 
83^"- -{z) C UuedD^^ i{z)B{u, e) with probability close to one. 

A similar argument (analogous to the previous one but simpler, since it does not require 
the use of 7), with the roles of 3^"--{z) and 3_i^i{z) inverted, shows that d3_i^i{z) C 
U^ggp<5„ ^^s^Biu^e) with probability going to 1 as n — >• 00. Therefore, for all e > 0, 

P(dH(c?in'l"j ^(2), (9ro_j^j(2)) > e) — s> as n — s> 00, which implies convergence in distribution 
of <9Di"ii(^) to (2;), as 5n 0, in the topology induced by Q- But Lemma I^TD 

implies that c?Di" -(2;) converges in distribution (using to a simple loop, therefore 
dV>_i^i{z) must also be a simple loop; and we have convergence in the topology induced 
by 0. 

It is also clear that the argument above is independent of the subsequence {5™}, so 
the limit ofdBt^iiz) is unique and coincides with dl}-i^i{z). Hence, we have convergence 
in distribution of d3tii{z) to d3^i^i{z), as 5 — *• 0, in the topology induced by and 
indeed joint convergence of (7^, (?Dij j(z)) to (7, 9D_j^j(z)). q 

Proof of Corollary 15.11 The corollary follows immediately from Lemma 15.11 and 
Lemma 15. 2[ as already seen in the proof of Lemma 15.21 q 

Proof of Lemma 15. 3L First of all recall that the convergence of [dDk, ak, hk) to {dD, a, h) 
in distribution implies the existence of coupled versions of {dDk, ak,bk) and {dD, a, h) on 
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some probability space {Q',B',F') such that d{dD{u!'),dDk{u!')) 0, ak{uj') — > a^u'), 
bk{uj') —* b{uj') for all u' a.s k ^ oo (see, for example, Corollary 1 of [6]). This immediately 
implies that the conditions to apply Rado's theorem (see Theorem IHl of Appendix El) are 
satisfied. Let fk be the conformal map that takes the unit disc D onto Dk with /^(O) = 
and /^(O) > 0, and let / be the conformal map from D onto D with /(O) = and 
/'(O) > 0. Then, by Theorem El fk converges to / uniformly in ©, as /c — > oo. 

Let 7 (resp., 7^) be the chordal SLEq inside D (resp., D^) from a to 6 (resp., from to 
h),l = f~\l), a = f~\a), b = f~\b), and 7^ = /fc"^(7fc), Ofc = fk^{ak)j h = fk\h)- 
We note that, because of the conformal invariance of chordal SLEq, 7 (resp., 7^) is 
distributed as chordal SLEq in D from a to 6 (resp., from dk to 6^). Since |a — afc| — 
and \b — bk\ — > for all u', and fk ^ f uniformly in D, we conclude that |a — afe| ^0 and 
\b — bk\ — for all u'. 

Later we will prove a "continuity" property of SLEq f Lemma 16. Ij) that allows us to 
conclude that, under these conditions, 7^ converges in distribution to 7 in the uniform 
metric (0) on continuous curves. Once again, this implies the existence of coupled versions 
of 7fc and 7 on some probability space {Q',B',F') such that d(7(co''), 7^(^01')) 0, for 
all uj' as k —>■ 00. Therefore, thanks to the convergence of fk to / uniformly in D, 
d(/(7(ti;')), /fc(7fc(a;'))) —>■ 0, for all cj' a.s k 00. But since /(7fc) is distributed as 
lDk,ak,bk and /(7) is distributed as 'yD,a,b, we conclude that, as A; — > cxd, 'yDk,ak,bk converges 
in distribution to '~fD,a,b in the uniform metric (0) on continuous curves. 

We now note that (S) implies that, as 5 -h> 0, l£),,,ak,bk converges in distribution to 
lDk,ak,bk uniformly in k, for k large enough. Therefore, as — > 00, 7^^ converges in 
distribution to 'yD,a,b, and the proof is concluded. □ 

Lemma 6.1. Let B) G C be the unit disc, a and b two distinct points on its boundary, 
and 7 the trace of chordal SLEq inside D from a to b. Let {a^} and {bk} be two sequences 
of points in dJ} such that ak ^ a and bk b. Then, as k —>■ 00, the trace '-fk of chordal 
SLEq inside D from ak to bk converges in distribution to 7 in the uniform topology (0j 
on continuous curves. 

Proof. Let fk{z) = e^°'° i-z^z (unique) linear fractional transformation that takes 

the unit disc © onto itself, mapping a to 0^, 6 to and a third point c G d3 distinct 
from a and b to itself, ak and Zk depend continuously on and bk- As /c — > 00, since 
Qk a and bk b, fk converges uniformly to the identity in D. 

Using the conformal invariance of chordal SLEq, we couple 7^ and 7 by writing 
Ik = fkin)- The uniform convergence of fk to the identity implies that d(7,7fc) 
as — > 00, which is enough to conclude that 7^ converges to 7 in distribution. □ 

Proof of Theorem^ Let us prove the second part of the theorem first. We will do this 
for the original version of the discrete construction, but essentially the same proof works 
for the reorganized version we will describe below, as we will explain later. Suppose that 
at step k of this discrete construction an exploration process 7^ is run inside a domain 
-Df_^, and write Df._^\V{j^ = [jj -Df j, where {Dl j} are the maximal connected domains 
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of unexplored hexagons into which Dl_^ is spht by removing the set r(7^) of hexagons 
explored by 7^ . 

Let da;(-Dfc_i) and dy{Dl_^) be respectively the maximal x- and y-distances between 
pairs of points in dDl_^. Suppose, without loss of generality, that dx{Dl_^) > dy{Dl_^), 
and consider the rectangle TZ (see Figure E)) whose vertical sides are aligned to the ?/-axis, 
have length dx{Dl_-^), and are each placed at x-distance | dx{Dl_-^) from points of dDl_^ 
with minimal or maximal x-coordinate in such a way that the horizontal sides of TZ have 
length ^dx{Dl_^); the bottom and top sides of TZ are placed in such a way that they 
are at equal y-distance from the points of dDl_^ with minimal or maximal y-coordinate, 
respectively. 



Figure 6: Schematic drawing of a domain D with dx{D) > dy{D) and the associated 
rectangle TZ. 

It follows from the Russo-Seymour- Welsh lemma [27,29] (see also [13,15]) that the 
probability to have two vertical T-crossings of TZ of different colors is bounded away from 
zero by a positive constant po that does not depend on 6 (for 6 small enough). If that 
happens, then maxj dx{Dlj) < ^dx{Dl_-^). The same argument of course applies to the 
maximal ?/-distance when dy{Df._^) > dx{Dl_i). We can summarize the above observation 
in the following lemma. 

Lemma 6.2. Suppose that at step k of the full discrete construction an exploration process 
is run inside a domain Dl_^. If dx{Dl_^) > dy{Dl_-^), then for 6 small enough (i.e., 
S < C dx{Dl_^) for some constant C), maxj dx{Dlj) < ^dx{Dl_{) with probability at 
least pq independent of 6. The same holds for the maximal y-distances when dy{Dl_-^) > 
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Here is another lemma that will be useful later on. 

Lemma 6.3. Two "daughter" subdomains, D\- and Dlj,, either have disjoint s-bounda- 
ries, or else their common s-boundary consists of exactly two adjacent hexagons (of the 
same color) where the exploration path 7^ came within 2 hexagons of touching itself just 
when completing the s-boundary of one of the two subdomains. 

Proof. Suppose that the two daughter subdomains have s-boundaries ^Dk,j 
that are not disjoint and let S = be the set of (sites of T that are the 

centers of the) hexagons that belong to both s-boundaries. S can be partitioned into 
subsets consisting of single hexagons that are not adjacent to any another hexagon in S 
and groups of hexagons that form simple T-paths (because the s-boundaries of the two 
subdomains are simple T-loops). Let {^i, . . . , be such a subset of hexagons of 5* that 
form a simple T-path ttq = . . . , Then there is a T-path tti of hexagons in ^D^kj 
that goes from to without using any other hexagon of ttq and a different T-path 
7r2 in ^Dij' that goes from to without using any other hexagon of tcq. But then, 
all the hexagons in ttq other than and are "surrounded" by tti U 712 and therefore 
cannot have been explored by the exploration process that produced Dlj and D^j,, and 
cannot belong to ^D^k,j '^^ ^^k,j'^ leading to a contradiction, unless ttq = (^i, S,m)- Similar 
arguments lead to a contradiction if 5* is partitioned into more than one subset. 

If G is not adjacent to any other hexagon in 5, then it is adjacent to two other 
hexagons of ADf ^ and two hexagons of AD^j,. Since has only six neighbors and nei- 
ther the two hexagons of ADlj adjacent to nor those of ADlj, can be adjacent to 
each other, each hexagon of AD^ - is adjacent to one of AD^^-,. But then, as before, 
is "surrounded" by {AD^_^- U AD^ j,} \ and therefore cannot have been explored by the 
exploration process that produced D^, - and D^ -,, and cannot belong to A.D\ - or ADl j,, 
leading once again to a contradiction. The proof is now complete, since the only case 
remaining is the one where S consists of a single pair of adjacent hexagons as stated in 
the lemma. □ 

With these lemmas, we can now proceed with the proof of the second part of the 
theorem. Lemma f6. 21 tells us that large domains are "chopped" with bounded away from 
zero probability {> Po > 0), but we need to keep track of domains of diameter larger than 
e in such a way as to avoid "double counting" as the lattice construction proceeds. More 
accurately, we will keep track of domains having dm{D^) > since only these can 

have diameter larger than e. To do so, we will associate with each domain having 
dm{D^) — that we encounter as we do the lattice construction a non-negative integer 
label. The first domain is Dq = D*^ (see the beginning of Section I4.H|1 and this gets label 
1. After each exploration process in a domain with dm{D^) > if the number fh 

of "daughter" subdomains with dm{Dj) > is 0, then the label of is no longer 
used, if instead m > 1, then one of these m subdomains (chosen by any procedure - e.g., 
the one with the highest priority for further exploration) is assigned the same label as 
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and the rest are assigned the next m — 1 integers that have never before been used as 
labels. Note that once all domains have d^ < there are no more labelled domains. 

Lemma 6.4. Let denote the total number of labels used in the above procedure; then for 
any fixed e > 0, is bounded in probability as 6 ^ 0; i.e., limM^oo limsup^^g ^^(^e > 
M) = 0. 

Proof. Except for Dq, every domain comes with (at least) a "physically correct" monochro- 
matic "half-boundary" (notice that we are considering s-boundaries and that a half- 
boundary coming from the "artificially colored" boundary of is not considered a phys- 
ically correct monochromatic half-boundary). Let us assume, without loss of generality, 
that >1. If we associate with each label the "last" (in terms of steps of the discrete 
construction) domain which used that label (its daughter subdomains all had dm < ^)! 
then we claim that it follows from Lemma 16.31 that (with high probability) any two such 
last domains that are labelled have disjoint s-boundaries. This is a consequence of the 
fact that the two domains are subdomains of two "ancestors" that are distinct daughter 
subdomains of the same domain (possibly Dq) and whose s-boundaries are therefore (by 
Lemma r6.3p either disjoint or else overlap at a pair of hexagons where an exploration path 
had a close encounter of distance two hexagons with itself. But since we are dealing only 
with macroscopic domains (of diameter at least order e), such a close encounter would 
imply, like in Lemmas 15 . 1 1 and 15 . 21 the existence of six crossings, not all of the same color, 
of an annulus whose outer radius can be kept fixed while the inner radius is sent to zero 
together with 6. The probability of such an event goes to zero as 5 — >■ and hence the 
unit disc D contains, with high probability, at least disjoint monochromatic T-paths 
of diameter at least corresponding to the physically correct half-boundaries of the 

labelled domains. 

Now take the collection of squares Sj of side length e' > centered at the sites cj of a 
scaled square lattice e'Z"^ of mesh size e', and let N{e') be the number of squares of side 
e' needed to cover the unit disc. Let e' < e/2 and consider the event {M^ > 6N{e')}, 
which implies that, with high probability, the unit disc contains at least 6A^(£:') disjoint 
monochromatic T-paths of diameter at least -^e and that, for at least one j = jo, 
the square Sj^ intersects at least six disjoint monochromatic T-paths of diameter larger 
that so that the "annulus" B^Cj^, -^^e) \ is crossed by at least six disjoint 

monochromatic T-paths contained inside the unit disc. 

If all these T-paths crossing B{cjg, £)\sjo have the same color, say blue, then since 
they are portions of boundaries of domains discovered by exploration processes, they are 
"shadowed" by exploration paths and therefore between at least one pair of blue T-paths, 
there is at least one yellow T-path crossing B{cjQ, -^^s) \ Sj^. Therefore, whether the 
original monochromatic T-paths are all of the same color or not, B{cjQ, £)\sjo is crossed 
by at least six disjoint monochromatic T-paths not all of the same color contained in the 
unit disc. Let g{e,e') denote the limsup as 5 of the probability that such an event 
happens anywhere inside the unit disc. We have shown that the event {M^ > 6A^(£:')} 
implies a "six-arms" event unless not all labelled domains have disjoint s-boundaries. But 
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the latter also implies a "six-arms" event, as discussed before; therefore 

limsupP(M^^ >6N{6')) <2g{e,e'). (10) 

<5— 

Since B{cj^,^e) \ B{cjg,-^e') C B{cjf^,^e) \ Sj^, bounds in [16] imply that, for e 
fixed, g{e, e') — > as — >• 0, which shows that 

lim limsupP(M^^ > M) = (11) 

and concludes the proof of the lemma. □ 

Now, let denote the number of distinct domains that had label i (this is equal to 
the number of steps that label i survived). Let us also define H{e) to be the smallest 
integer h>l such that (|)^ ^ "71^ ^^'^ ^'^ random variable corresponding to 

how many Bernoulli trials (with probability po of success) it takes to have h successes. 
Then, we may apply (sequentially) Lemma f6. 21 to conclude that for any i 

FiNf >k + l)< FiGHie) + G'h^,) > A;), (12) 

where G'f^ is an independent copy of Gh- 

Now let Ni{e), N2{e), ... be i.i.d. random variables equidistributed with GH{e) + G'jj^^y 

Let Ksi^) be the number of steps needed so that all domains left to explore have dm < 
Then, for any positive integer M, 

F{Ks{e) >C)< P(M,^ > M + 1) + F{Ni{e) + ... + NM{e) > C). (13) 

Notice that, for fixed M, P(iVi(e) + ... + iVM(£) > C) ^ as C ^ oo. Moreover, for any 
e > 0, by Lemmainm we can choose Mq = Mo(e) large enough so that limsup^^g P'(^e > 
Mo) < e. So, for any e > 0, it follows that 

limsuplimsupP(^5(e) > C) < e, (14) 

C^oo <5^0 

which implies that 

lim limsupP(ir5(£) > C) = 0. (15) 

To conclude this part of the proof, notice that the discrete construction cannot "skip" 
a contour and move on to explore its interior, so that all the contours with diameter 
larger than e must have been found by step k if all the domains present at that step have 
diameter smaller than e. Therefore, Ks{e) < Ks{e), which shows that Ks{e) is bounded 
in probability as (5 — >^ 0. 

For the first part of the theorem, we need to prove, for any fixed G N, joint conver- 
gence in distribution of the first k steps of a suitably reorganized discrete construction to 
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the first k steps of tlie continuum one. Later we will explain why this reorganized con- 
struction has the same scaling limit as the one defined in Section For each k, the first 
k steps of the reorganized discrete construction will be coupled to the first k steps of the 
continuum one with suitable couplings in order to obtain the convergence in distribution 
of those steps of the discrete construction to the analogous steps of the continuum one; 
the proof will proceed by induction in k. We will explain how to reorganize the discrete 
construction as we go along; in order to explain the idea of the proof, we will consider 
first the cases k = 1, 2 and 3, and then extend to all A; > 3. 

k = 1. The first step of the continuum construction consists of an SLEq 71 from —i 
to i inside D. Correspondingly, the first step of the discrete construction consists of an 
exploration path 7^ inside D*^ from the e-vertex closest to —i to the e-vertex closest to i. 
The convergence in distribution of 7^ to 71 is covered by statement (S). 

k = 2. The convergence in distribution of the percolation exploration path to chordal 
SLEq implies that we can couple 7^ and 71 generating them as random variables on some 
probability space {Q',B',F') such that d(7i(ti;'), 7^ (cj')) for all cj' as A; — > 00 (see, for 
example. Corollary 1 of [6]). 

Now, let Di be the domain generated by 71 that is chosen for the second step of the 
continuum construction, and let Ci G P be the highest ranking point of V contained in Di. 
For 6 small enough, ci is also contained in 3^; let Df = Df{ci) be the unique connected 
component of the set D^\r(7f) containing ci (this is well-defined with probability close to 
1 for small 6); Df is the domain where the second exploration process is to be carried out. 
From the proof of Lemma [5.21 we know that the boundaries dDf and dDi of the domains 
Df and Di produced respectively by the path 7^ and 71 are close with probabihty close 
to one for 6 small enough. 

For the next step of the discrete construction, we choose the two e-vertices xi and yi 
in dDf that are closest to the points ai and bi of dDi selected for the coupled continuum 
construction (if the choice is not unique, we can select the e-vertices with any rule to 
break the tie) and call 72 the percolation exploration path inside Df from xi to yi. It fol- 
lows from [2] that {-f(,dD(,j^} converge jointly in distribution along some subsequence 
to some limit {71,9/^1,72}. We already know that 71 is distributed like 71 and we can 
deduce from the joint convergence in distribution of {'y(,dDf) to (7i,9Z)i) f Lemma 15. 2j) . 
that dDi is distributed like dDi. Therefore, if we call 72 the SLEq path inside Di from 
Oi to bi, Lemma I^TSl implies that 72 is distributed like 72 and indeed that, as 5 0, 
{7^,91)^,72} converge jointly in distribution to {71,9/^1,72}. 

k = 3. So far, we have proved the convergence in distribution of the (paths and boundaries 
produced in the) first two steps of the discrete construction to the (paths and boundaries 
produced in the) first two steps of the discrete construction. The third step of the con- 
tinuum construction consists of an SLEq path 73 from 02 G dD2 to 62 G dD2, inside the 
domain D2 with highest priority after the second step has been completed. Let C2 G P be 
the highest ranking point of V contained in D2, D2 the domain of the discrete construc- 
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tion containing C2 after the second step of the discrete construction has been completed 
(this is well defined with probability close to 1 for small 6) , and choose the two e- vertices 
X2 and 2/2 in that are closest to the points 02 and 62 of dD2 selected for the coupled 
continuum construction (if the choice is not unique, we can select the e-vertices with any 
rule to break the tie). The third step of the discrete construction consists of an exploration 
path 73 from X2 to 1/2 inside D2. 

It follows from [2] that {7^ , dD(, 7^, ^D^, 7^} converge jointly in distribution along 
some subsequence to some limit {71, 72, 9£)25 73}- We already know that 71 is dis- 
tributed like 7i, dDi like dDi and 72 like 72, and we would like to apply Lemma to 
conclude that 73 is distributed like 73 and indeed that, as 5 — ^ 0, (7^ , dDf, 73, dD2, 73) 
converges in distribution to (71, (9Di, 72, 9/^2, 73)- In order to do so, we have to first 
show that dD2 is distributed like dD2. If D2 is a subset of \ r(7^), this follows from 
Lemma I5.2[ as in the previous case, but if the s-boundary of D2 contains hexagons of 
r(72), then we cannot use Lemma 15.21 directlv. although the proof of the lemma can be 
easily adapted to the present case, as we now explain. 

Indeed, the only difference is in the proof of claim (C) and is due to the fact that, 
when dealing with a domain of type 1 or 2, we cannot use the bound on the probability of 
three disjoint crossings of a semi-annulus because the domains we are dealing with may 
not be convex (like the unit disc). On the other hand, the discrete domains like Df and D2 
where we have to run exploration processes at various steps of the discrete construction 
are themselves generated by previous exploration processes, so that any hexagon of the 
s-boundary of such a domain has three adjacent hexagons which are the starting points 
of three disjoint T-paths (two of one color and one of the other). Two of these T- 
paths belong to the s-boundary of the domain, while the third belongs to the adjacent 
percolation cluster (see Figure [7j). This allows us to use the bound on the probability of 
six disjoint crossings of an annulus. 

To see this, let tti, tt2 be the T-paths contained in the s-boundary of the discrete domain 
(i.e., Df in the present context) and 713 the T-path belonging to the adjacent cluster, all 
starting from hexagons adjacent to some hexagon ^ (centered at u) in the s-boundary of 
D^. For < e' < e and 6 small enough, let Au{£, £') be the event that the exploration path 
72 enters the ball B{u,e') without touching dD^ inside the larger ball B{u,e). Au{s,£') 
implies having (at least) three disjoint T-paths (two of one color and one of the other), 
7r4, vTs and hq, contained in Df and crossing the annulus B{u, e) \ B{u, e'), with 714, tts and 
TTg disjoint from 7ri,7r2 and 713. Hence, Au{s.,e') implies the event that there are (at least) 
six disjoint crossings (not all of the same color) of the annulus B{u,e) \ B{u,e'). 

Once claim (C) is proved, the rest of the proof of Lemma 15.21 applies to the present 
case. Therefore, we have convergence in distribution of dD2 to dD2, which allows us to 
use Lemma 1331 and conclude that (71,72)71) converges in distribution to (71,72,73)- 

A; > 3. We proceed by induction in k, iterating the steps explained above; there are no 
new difficulties; all steps for A; > 4 are analogous to the case k = 3. 

To conclude the proof of the theorem, we need to show that the scaling limit of 
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Figure 7: Hexagon X, in the s-boundary of the domain Dj to the left of the exploration 
path indicated by a heavy line, has three neighbors that are the starting points of two 
disjoint yellow T-paths (denoted 1 and 2) belonging to the s-boundary of Dj and one 
blue T-path (denoted 3) belonging to the adjacent percolation cluster. 



the original full discrete construction defined in Section 14.31 is the same as that of the 
reorganized one just used in the proof of the first part of the theorem. In order to do so, 
we can couple the two constructions by using the same percolation configuration for both, 
so that the two constructions have at their disposal the same set of loops to discover. We 
proved above that the original discrete construction finds all the "macroscopic" loops, 
so we have to show that this is true also for the reorganized version of the discrete 
construction. This is what we will do next, using essentially the same arguments as those 
employed for the original discrete construction; we present these arguments for the sake 
of completeness since there are some changes. 

Consider the reorganized discrete construction described above, where the starting 
and ending points of the exploration processes at each step are chosen to be close to those 
of the corresponding (coupled) continuum construction. Suppose that at step k of this 
discrete construction an exploration process 7^ is run inside a domain -Df_i, and write 
DI_^ \ T{'yl) = [Jj DI j, where {Dl j} are the connected domains into which Dl_^ is split 
by the set r(7f ) of hexagons explored by 7^ . 

Let dx{Dk-i) (resp., dx{Dl_{)) and dy{Dk-i) (resp., dy{Dl_-^)) be respectively the 
maximal x- and ^/-distance between pairs of points in (9Dfc_i (resp., If d^.(L'f_i) > 

dy{Dl_^) and the e- vertices on dDl_^ are chosen to be closest to two points of dD^-i 
with maximal x-distance, then the same construction and argument spelled out earlier in 
the first part of the proof (corresponding to the second part of the theorem) show that 
max, dx{Di j) < |d^(Df_i) with bounded away from zero probability. 

If the e- vertices on dDf,_^ are chosen to be closest to two points of i9-Dfe_i with maximal 
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x-distance but dx{Dl_^) < dy{Dl_^), then consider the rectangle 71' whose vertical sides 
are aligned to the y-axis, have length dy{Dl_^), and are each placed at the same x-distance 
from the points of dDl_^ with minimal or maximal x-coordinate in such a way that the 
horizontal sides of 71' have length | dy{Dl_-^)] the bottom and top sides of 7Z' are placed 
in such a way that they touch the points of dDl_^ with minimal or maximal ^/-coordinate, 
respectively. Notice that, because of the coupling between the continuum and discrete 
constructions, for any £ > 0, for large enough, |da;(Df_^)— d^(Dfc_i)| < e and \dy{Dl_^) — 
dy{Dk_i)\ < e. Since in the case under consideration we have dy{Dl_{) > dx{Dl_^) and 
dx{Dk-i) > dy{Dk-i), for 6 large enough, we must also have \dy{Dl_^) — dx{Dl_{)\ <2e. 
Once again, it follows from the Russo- Seymour- Welsh lemma that the probability to 
have two vertical T-crossings of 7Z' of different colors is bounded away from zero by a 
positive constant that does not depend on 6 (for 6 small enough). If that happens, then 

max,d^Pl,)<id.Pti) + |£. 

All other cases are handled in the same way, implying that the maximal x- and y- 
distances of domains that appear in the discrete construction have a positive probability 
(bounded away from zero) to decrease by (approximately) a factor 2/3 at each step of the 
discrete construction in which an exploration process is run in that domain. 

With this result at our disposal, the rest of the proof, that for any e > the number 
of steps needed to find all the loops of diameter larger than e is bounded in probability as 
6^0 (which implies that all the "macroscopic" loops are discovered), proceeds exactly 
like for the original discrete construction, q 

Proof of Theorem [21 First of all, we want to show that = IdPr does not depend on 
-R, provided D is strictly contained in J^^ and ODPidJiR = 0. In order to do this, we assume 
that the above conditions are satisfied for the pair D, R and show that IdPr = IdPr' for 
all W > R. 

Take two copies of the scaled hexagonal lattice, 57i and S7i', their dual lattices 6T 
and 6T', and two percolation configurations, ao^^ and cr'o^,, both with blue boundary 
conditions and coupled in such a way that ao^ = a'„^. The laws of the boundaries of 
a and a' are also coupled, in such a way that the boundaries or portions of boundaries 
contained inside D are identical for all small enough 6. Therefore, letting 6-^0 and 
using the convergence of the percolation boundaries inside D^j and 3^1 to the continuum 
nonsimple loop processes Pr and Pr' respectively, we conclude that IdPr = IdPr'- 

From what we have just proved, it follows that the probability measures P"^^ on 
[VtR, Br), for R e M+, satisfy the consistency conditions P^^^ = /o^^P'°'«2 for all Ri < R2. 
Since Qr, fl are complete separable metric spaces, the measurable spaces {flR, Br), (f2, B) 
are standard Borel spaces and so we can apply Kolmogorov's extension theorem (see, for 
example, [12]) and conclude that there exists a unique probability measure on (f2, B) with 
P^R = i^^p for all R e M+. It follows that, for R! > R and all D strictly contained in Dr 
and such that dD n dl^R = 0, IdPr = = IdPw = IdWPr' = IdP'''' = IdWP = 
IdP, which concludes the proof. □ 

Proof of Corollary 15. 2L The corollary is an immediate consequence of Theorems C] 
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and 121 where the full scaling limit is intended in the topology induced by (0). □ 

Proof of Theorem ^ 1. The fact that the Continuum Nonsimple Loop process is a 
random collection of noncrossing continuous loops is a direct consequence of its definition. 
The fact that the loops touch themselves is a consequence of their being constructed out 
of SLEq, while the fact that they touch each other follows from the observation that a 
chordal SLEq path 7z),a,fe touches dD with probability one. Therefore, each new loop in 
the continuum construction touches one or more previous ones (many times). 

The nonexistence of triple points follows directly from Lemma 5 of [16] on the number 
of crossings of an annulus, combined with Corollarv l5.2l which allows to transport discrete 
results to the continuum case. In fact, a triple point would imply, for discrete percolation, 
at least six crossings (not all of the same color) of an annulus whose ratio of inner to outer 
radius goes to zero in the scaling limit, leading to a contradiction. 

2. This follows from straightforward Russo-Seymour- Welsh type arguments for perco- 
lation (for more details, see, for example. Lemma 3 of [16]), combined with Corollarv 15.21 

3. Combining Russo-Seymour- Welsh type arguments for percolation (see, for exam- 
ple. Lemma 3 of [16]) with Corollary 15.21 we know that P-a.s. there exists a (ran- 
dom) R* = R*{R), with R* < oo, such that D/j is surrounded by a continuum non- 
simple loop contained in D^*. From (the proof of) Theorem |21 we also know that 
^Oji„P = P^'^" = Iiin„PR' for all R' > R". This implies that by taking R' large enough 
and performing the continuum construction inside we have a positive probability of 
generating a loop A contained in the annulus ©ij" \ D/?, with R' > R" > R. If that is 
the case, all the loops contained inside B>r are connected, by construction, to the loop 
A surrounding D/j by a finite sequence (a "path") of loops (remember that in the con- 
tinuum construction each loop is generated by pasting together portions of SLEq paths 
inside domains whose boundaries are determined by previously formed loops or excur- 
sions). Therefore, any two loops contained inside Dij are connected to each other by a 
"path" of loops. 

Using again the fact that /id)^„-P = P^^" = In^„PR' for all R' > R", and letting first 
R' and then R" go to cxo, we see from the discussion above (with i? — > oo as well) that 
any two loops are connected by a finite "path" of intermediate loops, P-a.s. 

4- In order to prove the claim, we will define a discrete construction inside D' coupled 
to the continuum construction inside D, by means of the conformal map / from D to D'. 
Roughly speaking, this new discrete construction for D' is one in which the (x, y) pairs at 
each step are chosen to be closest to the (/(a), /(&)) points in D' mapped from D via /, 
where the pairs (a, b) are those that appear at the corresponding steps of the continuum 
construction inside D. 

More precisely, let 71 be the first SLEq path in D from ai to hi. Because of the 
conformal invariance of SLEq, the image /(71) of 71 under / is a path distributed as 
the trace of chordal SLEq in D' from /(ai) to /(fci). Therefore, the exploration path 7^ 
inside D' from Xi to yi, chosen to be closest to /(ai) and /(&i) respectively, converges in 
distribution to /(71), as 5 ^ 0, which means that there exist a coupling between 7^ and 
/(71) such that the paths stay close for 6 small. 
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We see already that one can use the same strategy as in the proof of the first part 
of Theorem ^ and obtain a discrete construction whose exploration paths are coupled to 
the SLEq paths /(7fc) that are the images of the paths 7^ in D. Then, for this discrete 
construction, the scaling limit of the exploration paths will be distributed as the images 
of the SLEq paths in D. 

In order to conclude the proof, we just have to show that the discrete construction 
inside D' defined above finds all the boundaries in a number of steps that is bounded in 
probability as 5 — > (this is equivalent to the second part of Theorem^. To do that, we 
use the second part of Theorem ^ which implies that, for any fixed e > and C < 00, 
the number of steps of the discrete construction in D that are necessary to ensure that 
only domains with diameter less than e/C are present is bounded in probability as 5 ^ 0. 
Since / (can be extended to a function that) is continuous in the compact set D, f is 
uniformly continuous and so we can now choose C = C{f) < 00 such that any subdomain 
of D of diameter at most e/C is mapped by / to a subdomain of D' of diameter at most 
e. This, combined with the coupling between SLEq paths and exploration paths inside 
D' , assures that the number of steps necessary for the new discrete construction inside 
D' to find all the loops of diameter at least e is bounded in probability as 5 — > 0. 

Therefore, the scaling limit, as 5 — > 0, of this new discrete construction for D' gives the 
measure Pd'- It follows by construction that / * Pd = Pv, which concludes the proof. □ 

Appendix A: Convergence of the Percolation Explo- 
ration Path 

In this first appendix, we provide a detailed proof of statement (S). The existence of 
subsequential limits for the percolation exploration path, which follows from the work of 
Aizenman and Burchard [2] , means that the proof can be divided into two parts: first we 
will give a characterization of chordal SLEq in terms of two properties that determine 
it uniquely; then we will show that any subsequential scaling limit of the percolation 
exploration path satisfies these two properties. 

The characterization part will follow from known properties of hulls and of SLEq 
(see [22] and [35]). The second part will follow from an extension of Smirnov's result 
about the convergence of crossing probabilities to Cardy's formula [10,11] (see TheoremlHl 
below) for sequences of Jordan domains D/^, with the domain changing together with 
the mesh 6k of the lattice, combined with the proof of a certain spatial Markov property for 
subsequential limits of percolation exploration hulls (Theorem [7j). We note that although 
Theorem ini represents only a slight extension to Smirnov's result on convergence of crossing 
probabilities, this extension and its proof play a major role in the technically important 
Lemmas IA.21 IA.4I and IA.51 which control the "close encounters" of exploration paths 
to domain boundaries. The proof of Theorem El is modelled after a simpler geometric 
argument involving only rectangles used in [8]. 

Let D' be a bounded simply connected domain containing the origin whose boundary 
dD' is a continuous curve. Let f : 3 ^ D' he the (unique) conformal map from the unit 
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disc to D' with /(O) = and /'(O) > 0; note that by Theorem IIUI of Appendix iBl / has a 
continuous extension to D. Let ^2, -23, be four points of dD' (or more accurately, four 
prime ends) in counterclockwise order - i.e., such that Zj = f{wj), j = 1,2,3,4, with 
Wi, . . . , W4 in counterclockwise order. Also, let r] = Cardy's formula [10,11] 

for the probability ^iy/{zi, Z2', z^, Z4) of a "crossing" inside D' from the counterclockwise 
arc Z1Z2 to the counterclockwise arc Z3Z4 is 

$^,(^1,^2; ^3, ^4) = f(^|f§7^^'^'2Fi(V3,2/3;4/3;r^), (16) 

where 2-^1 is a hypergeometric function. 

For a given mesh 6 > 0, the probability of a crossing inside D' from the counter- 
clockwise arc 'Z1Z2 to the counterclockwise arc Z3Z4 is the probability of the existence of 
a blue T-path contained in {D'Y, the ^-approximation of D' (see Definition 14. II above) . 
that starts at a hexagon adjacent to one intersecting 'Z1Z2 and ends at a hexagon adjacent 
to one intersecting z^z^. Smirnov proved the following major theorem, concerning the 
conjectured behavior [10,11] of crossing probabilities in the scaling limit. 

Theorem 4. (Smirnov [30]) In the limit 6^0, the crossing probability becomes confor- 
mally invariant and converges to Cardy's formula Hid]) . 

Remark A.l. We actually only need Theorem^ for Jordan domains, as can be seen 
by a careful reading of the proof of Theorem O We note that Smirnov does not restrict 
attention to that case. 

Let us now specify the objects that we are interested in. Suppose D is a simply 
connected domain whose boundary dD is a continuous curve, and a, b are two distinct 
points in dD (or more accurately, two distinct prime ends), and let p,D,a,b be a probability 
measure on continuous (non-self-crossing) curves 7 = ^D,a,b '■ [0, 00) — *• D with 7(0) = a 
and 7(00) = limt_,oo 'jit) = b (we remark that the use of [0, 00) instead of [0, 1] for the 
time parametrization is purely for convenience). Let Dt = D \ Kt denote the (unique) 
connected component oi D \ 7[0,t] whose closure contains 6, where i^t, the filling of 
7[0,t], is a closed connected subset of D. Kt is called a hull if it satisfies the condition 

KtnD = Kt. (17) 

We will generally be interested in curves 7 such that Kt is a hull for each t, although we 
normally only consider Kt at certain stopping times T. (An example of such a curve that 
we are particularly interested in is the trace of chordal SLEq.) 

Let C7' C -D be a closed subset of D such that a ^ C, b e C , and D' = D\C' is 
a bounded simply connected domain whose boundary contains the counterclockwise arc 
cd that does not belong to dD (except for its endpoints c and d - see Figure |H1). Let 
T' = inf{t : i^f n C" 7^ 0} be the first time that 'y{t) hits C and assume that the filling 
Kt' of 7[0, T'] is a hull; we denote by i'D',a,c,d the distribution of Kt'- To explain what 
we mean by the distribution of a hull, consider the set A of closed subsets A of D' that 
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Figure 8: D is the upper half-plane EI with the shaded portion removed, C is an un- 
bounded subdomain, and D' = D\C' \s indicated in the figure. 




a 



Figure 9: Example of a hull K and a set Ai U A2 in A. Here, D = W and D' is the 
semi-disc centered at a. 



do not contain a and such that dA \ dD' is a simple (continuous) curve contained in D' 
starting at a point on dD' fl D and ending at a point on dD (see Figure Ej). Let A be the 
set of closed subsets of D' of the form Ai U A2, where Ai, A2 ^ A and AiCi A2 = 0. 

For a given C and corresponding T', let /C be the set whose elements are possible 
hulls at time T'; we claim that the events {K E )C : K Cl A = 0}, for A E A, form a 
TT-system 11 (i.e., they are closed under finite intersections; we also include the empty set 
in n), and we consider the tx-algebra S = cr{lV) generated by these events. To see that 11 
is closed under pairwise intersections, notice that, if Ai, A2 G A, then {K E }C : KnAi = 
^} n {K E JC : K n A2 = ^} = {K e IC : K n {AiU A2} = ^} and A1UA2EA (or else 
{K E IC : K n {Ai U A2} = 0} is empty). We are interested in probability spaces of the 
form (/C,S,P*). 

We say that the exit distribution of 7(t) is determined by Cardy's formula if, for any 
C and any counterclockwise arc xy of cd, the probability that 7 hits C at time T' on xy 
is given by 

P*(7(T') Exy)= <^D'ia, c; x, d) - <l>z)'(a, c; d). (18) 

It is easy to see that if the hitting distribution of ^(t) is determined by Cardy's 
formula, then the probabilities of events in 11 are also determined by Cardy's formula in 
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the following way. Let A e A he the union of , ^2 £ A, with 9^41 \ dD' given by a 

curve from Ui G dD' r\D to Vi G dD and dA^ \ dD' given by a curve from U2 € fl D to 
^2 e then, assuming that a, vi, ui, U2, V2 are ordered counterclockwise around dD', 

F*{Kt' n a = 0) = $D'\A(a, -yi; -f/i, V2, ) - $D'\A(a, -yi; 'W2, '^2). (19) 

Since 11 is a vr-system, the probabilities of the events in 11 determine uniquely the distri- 
bution of the hull in the sense described above. Therefore, if we let 7£),a,6 denote the trace 
of chordal SLEe inside D from a to 6, Kf its hull up to time t, and r = mi{t : KtHC' ^ 0} 
the first time that 713,0,6 hits C", we have the following simple but useful lemma. 

Lemma A.l. With the notation introduced above, if the hitting distribution of ^D,a,h 'is 
determined by Cardy 's formula and Kt' is a hull, then Kt' is distributed like the hull Kt 
of chordal SLEq. 

Proof. It is enough to note that the hitting distribution for chordal SLEq is determined 
by Cardy's formula [19]. □ 

Now let /o be a conformal map from D to the upper half-plane EI such that /o(a) = 
and liuiz^b fo{z) = 00 (these two conditions determine /o only up to a multiplicative 
constant). For £ > fixed, let C{u,e) = {z : \u — z\ < e} DM. denote the semi-ball of 
radius e centered at u on the real hue and let Ti = Ti{e) denote the first time ^{t) hits 
D \ Gi, where Gi = /o~^(C(0, e)). Define recursively T^+i as the first time 7[Tj,oo) hits 
Df, \ Gj+i, where Df^ = D \ Kf^, Gj+i = ff^{C{0, e)), and ff^ is a conformal map from 

Df, to M that maps 7(Tj) to and 6 to cxo. We also define fj+i = T^+i — Tj, so that 

Tj = fi + ... + fj. We note that, like /o, the conformal maps ff. are only defined up to a 
multiplicative factor. 

Notice that Gj+i is a bounded simply connected domain chosen so that the conformal 
transformation which maps Df. to HI maps Gj+i to the semi-ball C{0,e) centered at the 
origin on the real line. With these definitions, consider the (discrete-time) stochastic 
process Xj = (Kf.,^{Tj)) for j = 1,2, . . .; we say that Kt satisfies the spatial Markov 

property if each Kf, is a hull and Xj for j = 1, 2, ... is a Markov chain (for any choice 

of the multitplicative factors for /o, ff_^, ff,^, . . .). Notice that the trace of chordal SLEq 
satisfies the spatial Markov property, due to the conformal invariance and Markovian 
properties [28] of SLEq. 

Next, we give the main characterization theorem. 

Theorem 5. // the filling process Kt of ^D.a,b satisfies the spatial Markov property and 
its hitting distribution is determined by Cardy's formula, then jD,a,b is distributed like the 
trace ^D,a,h of chordal SLEq inside D started at a and aimed at b. 

Proof. Since the trace "fD,a,h of chordal SLEq in a bounded Jordan domain D is defined 
(up to a linear time change) as /(7), where 7 = 7h,o,oo is the trace of chordal SLEq in 
the upper half-plane started at and / is any conformal map from the upper half-plane 
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EI to D such that /(O) = a and f{oo) = b, it is enough to show that 7 = / ^(7z),a,fe) 
is distributed hke the trace of chordal SLEq in the upper half-plane. Let Kt denote the 
filling of 7(t) at time t and let gt{z) be the unique conformal transformation that maps 
M.\Kt onto EI with the following expansion at infinity: 

gtiz) = z + ^ + o{-). (20) 

z z 

We choose to parametrize 7(t) so that t = ^ (this is often called parametrization by 
capacity, a{t) being the capacity of the filling up to time t). 

We want to compare j{t) with the trace 7(t) of chordal SLEq in the upper half-plane 
parametrized in the same way (i.e., with a{t) = 2t), so that, if Kt denotes the filling of 
7 at time t, M. \ Kt is mapped onto EI by a conformal transformation with the following 
expansion at infinity: 

g^{z) = Z+-+o{-). (21) 

z z 

Our strategy will be to construct suitable polygonal approximations % and 7^ of 7 and 
7 which converge, as e — 0, to the original curves (in the uniform metric on continuous 
curves Q), and show that 7^ and 7^ have the same distribution. This implies that the 
distributions of 7 and 7 must coincide. 

Let us describe first the construction for 75 (t); we use exactly the same construction 
for 7e(t). We remark that the important features in the construction of the polygonal 
approximations are the spatial Markov property of the fillings and Cardy's formula, which 
are valid for both 7 and 7. 

For e > fixed, as above let C{u,e) = {z : \u — z\ < e} fl EI denote the semi-ball 
of radius e centered at u on the real line. Let Ti = Ti{e) denote the first time 7(t) hits 
EI \ Gi, where Gi = C{0,e), and define recursively T^+i as the first time 7[Tj-,oo) hits 
Mt. \ Gj+i, where Mt^ = H \ Kt^ and Gj+i = g:^^{C{gTji-f{Tj)),e)). Notice that Gj+i is 
a bounded simply connected domain chosen so that the conformal transformation which 
maps to EI maps G^+i to the semi-ball C{gTj{j{Tj)),e) centered at the point of the 
real line where the "tip" 7(Tj) of the hull Kt^ is mapped. The spatial Markov property 
and the conformal invariance of the hull of SLEq imply that if we write Tj = ti + . . . + Tj, 
with Tj+i = Tj_|_i — Tj, the r/s are i.i.d. random variables, and also that the distribution 
of -R'tj+i is the same as the distribution of Kt^ U g7p^{K'j,^ + (77-. (7 (T^))), where K'j,^ is 
equidistributed with K^^, but also is independent of Kt^. The polygonal approximation 
7£ is obtained by joining, for all j, 7(Tj) to 7(Tj+i) with a straight segment, where the 
speed 7e(t) is chosen to be constant. 

Now let Ti = Ti{e) denote the first time 7(t) hits H \ Gi, where Gi = C(0,£), and 
define recursively Tj+i as the first time 7[Tj, 00) hits Hj,. \ Gj^i, where Hj,, = M.\Kf_ and 

Gj+i = g^^ {C {gf,{'y{Tj)) , e)). We also define fj+i = Tj+i — Tj, so that Tj = fi + . . . + fj. 
Once again, Gj+i is a bounded simply connected domain chosen so that the conformal 
transformation which maps M.f, to EI maps Gj+i to the semi-ball C{gf ,{'y{Tj)), e) centered 
at the point on the real line where the "tip" 7(Tj) of the hull Kf, is mapped. The polygonal 
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approximation % is obtained by joining, for all j, ^{fj) to ^{fj+i) with a straight segment, 
where the speed %{t) is chosen to be constant. 

Consider the sequence of times Tj defined in the natural way so that 7(Tj) = f{j(Tj)) 
and the (discrete-time) stochastic processes Xj = {Kf^,'y{Tj)) and Xj = {Kf,,^{Tj)) 
related by Xj = f~^{Xj). If for a; G M we let 6[x] denote the translation that maps a; to 
and define the family of conformal maps ff. = 6[gf {'j{Tj))] o gj^ o from D\Kf, to H, 
then ff, sends 7(Tj) to and b to oo, and Tj+i is the first time 7[Tj, oo) hits Mf^ \ Gj+i, 
where Mf, = M\Kf, and Gj+i = /^^(C(0, e)). Therefore, {Tj} is a sequence of stopping 
times like those used in the definition of the spatial Markov property and, thanks to the 
relation Xj = f^^{Xj), the fact that Kf satisfies the spatial Markov property implies that 
Xj is a Markov chain. We also note that the fact that the hitting distribution of 7(t) 
is determined by Cardy's formula implies the same for the hitting distribution of 7(t), 
thanks to the conformal invariance of Cardy's formula. We next use these properties to 
show that is distributed like 7^. 

To do so, we first note that the conformal transformations gxj and cjf, are random 

and that their distributions are functionals of the distributions of the hulls Kr and Krf, , 
since there is a one-to-one correspondence between hulls and conformal maps (with the 
normalization we have chosen in (j20|) - (j2T|l ). Therefore, since Kf^ is distributed like Kt^ 
(see Lemma [A.ljl . gx^ and gf^ have the same distribution, which also implies that Ti 
is distributed like Ti because, due to the parametrization by capacity of 7 and 7, 2Ti is 
exactly the coefficient of the term in the expansion at infinity of gx^, and 2Ti is exactly 
the coefficient of the term in the expansion at infinity of gf^. Moreover, it is also clear 
that 7(Ti) is distributed like 7(Ti), because their distributions are both determined by 
Cardy's formula, and so gf^{^{Ti)) is distributed like gT^{^{Ti)). Notice that the law of 

the hull Kf^ is conformally invariant because, by Lemma lA.ll it coincides with the law 

of the S'LEe hull i^Ti- 

Using now the Markovian character of Xj, which implies that, conditioned on Xi = 

{Kf_^,^{Ti)), Kf^ \ Kf^ and 7(T2) are determined by Cardy's formula in G2, from the 
fact that Kf_^ is equidistributed with Kt^ and therefore G2 is equidistributed with G2, 
we obtain that the hull Kf^ is distributed like and its "tip" 7(^2) is distributed 
like the "tip" 7(T2) of the hull Kt2i and we can conclude that the joint distribution 
of {7(Ti), 7(T2)} is the same as the joint distribution of {7(Ti), 7(T2)}. It also follows 
immediately that cjf^ is equidistributed with gT2 and f2 is equidistributed with T2 or indeed 
with Ti. 

By repeating this argument recursively, using at each step the Markovian character 
of the hulls and tips, we obtain that, for all j, the joint distribution of {7(Ti), . . . ,7(Tj)} 
is the same as the joint distribution of {^{Ti), . . . , 7(Tj)}. This immediately implies that 
7e has the same distribution as 7^. 

In order to conclude the proof, we just have to show that, as e — 0, 7£ converges to 7 
and 7^ to 7 in the uniform metric on continuous curves 0. This, however, follows easily 
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from properties of continuous curves, if we can show that the time intervals Tj^i—Tj = fj+i 
and Tj_|_i — Tj = tj^i go to as £ 0. To see this, we recall that fj+i and Tj+i are 
distributed like ri and use Lemma 2.1 of [21], which implies the (deterministic) bound 
^ ^ which follows from the well-know bound a(t) < for the capacity a{t) = 2t 

of (in}. □ 

Remark A. 2. The procedure for constructing the polygonal approximations of 'j and 7 
and the recursive strategy for proving that they have the same distribution include signifi- 
cant modifications to the sketched argument for convergence of the percolation exploration 
process to chordal SLEq given by Smirnov in [30] and [31]. One modification is that 
we use "conformal semi-balls" instead of balls (see [30, 31]) to define the sequences of 
stopping times {T,} and {Tj}. Since the paths we are dealing with touch themselves (or 
almost do), if one were to use balls, some of them would intersect multiple disjoint pieces 
of the past hull, making it impossible to use Cardy's formula in the "triangular setting" 
proposed by ( Carleson and) Smirnov and used here. The use of conformally mapped semi- 
balls ensures, thanks to the choice of the conformal maps, that the domains used to define 
the stopping times intersect a single piece of the past hull. This seems to be a natural 
choice (exploiting the conformal invariance) to obtain a good polygonal approximation of 
the paths while still being able to use Cardy's formula to determine hitting distributions. 

We will next prove a version of Smirnov's result (Theorem^ above) extended to cover 
the convergence of crossing probabilities to Cardy's formula for the case of sequences of 
domains. The statement of Theorem [HI below is certainly not optimal, but it is sufficient 
for our purposes. We remark that a weaker statement restricted, for instance, only to 
Jordan domains would not be sufficient - see Figure ^1 and the discussion referring to it 
in the proof of Theorem |7j below. First, we introduce some definitions that will simplify 
the notation in the rest of the paper. 

We will consider bounded simply connected domains D whose boundaries dD are 
continuous curves. Let f : 3 ^ D he the (unique) conformal map from the unit disc to D 
with /(O) = and /'(O) > 0; note that by Theorem ITUl of Appendix|Bl / has a continuous 
extension to D. Let a, c, d be three points of dD (or more accurately, three prime ends) 
in counterclockwise order - i.e., such that a = f{a*), c = f{c*) and d = f{d*), with a*, c* 
and d* in counterclockwise order. We will call D admissible with respect to (a, c, d) if 
the counterclockwise arcs oc, cd and da are simple curves, cd does not touch the interior 
of either oc or da, and from each point in cd there is a path to infinity that does not cross 
dD. _ 

Notice that, according to our definition, the interiors of the arcs ac and da can touch. 
If that happens, the double-points of the boundary (belonging to both arcs) are counted 
twice and considered as two distinct points (and are two different prime ends). The 
significance of the notion of admissible is that certain domains arising naturally in the 
proof of Theorem |7j (and thus in the proof of convergence to SLEq) are not Jordan but 
are admissible - see Figure 

Consider a sequence of admissible domains Dk with j distinct selected points u\, . . . ,u',^ 
on dDk on each of their boundaries. If D is an admissible domain with j selected distinct 
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points u^,...,u^ on its boundary such that, as A; oo, d{dDk,dD) and \ul — 
u^\, . . . ,\ul. — -^0, we say that {D^, ul, . . . , ul) converges to {D, u^, . . . , u^) and write 
(Dfe, Mfc, . . . , ul) ^ {D,u\...,u^). 

Theorem 6. Consider a sequence {{Dk, ak,bk, Ck, dk)} of domains containing the origin, 
admissible with respect to (a^, Ck, dk), and with hk belonging to the interior of the counter- 
clockwise arc Ckdk- Assume that {Dk, ak, bk, Ck, dk) converges, as k ^ oo, to {D, a, b, c, d), 
where D is a domain containing the origin, admissible with respect to {a,c,d), and b 
belongs to the interior of the counterclockwise arc cd. Then, for any sequence 6k i 0, 
the probability ^k^{^ ^^d^.) ^ ^^'^^ crossing inside Dk from the counterclockwise segment 
OkCk ofdDk to the counterclockwise segment bkdk ofdDk converges, ask oo, to Cardy's 
formula $d (see 1116]} ) for a crossing inside D from the counterclockwise segment He of 
dD to the counterclockwise segment cd of dD. 

Proof. We will construct for each small e > 0, two domains with boundary points, 
{D,d,b,c,d) and {D,d,b,c,d), approximating {D,a,b,c,d) in such a way that not only 

does $e = $£)(a, c; b, d) $ = $£i(a, c; b, d) (by the continuity of Cardy's formula - see 
Lemma (B .21) and the same for $e, but also so that 

= liminf < liminf ^l!" < limsup < limsup = <!>£. (22) 

This yields the desired result. The construction of the approximating domains uses fairly 
straightforward conformal mapping arguments. We provide details for D; the construc- 
tion of D is analogous. Before providing the construction details for D, we give several 
paragraphs of overview. 

To construct D, we will first need to take an inner approximation E_ = E_{D,e) of 
dD, where E_is a simple loop surrounded by dD and with d{dD,E_) < e. We will then 
construct a Jordan domain G{e) whose boundary dG is composed of pieces of dD and of 
E_, plus four segments joining dD with E_ (see Figure ITn|l . as we explain below. 

Next, we will take an outer approximation E = E{G,e) of dG, where E is a sim- 
ple loop surrounding dG and with d{dG, E) < e. We will also need four simple curves 
{da, db, dc, dd} in the interior of the (topological) annulus between E and E and connect- 
ing their endpoints {(a, a), {b,b), (c, c), {d,d)} on E_ and E with each of the four curves 
touching dD at exactly one point which is either in the interior of the counterclockwise 
segment oc (for da and dc) or else the counterclockwise segment bd (for db and dd)- Fur- 
thermore each of these connecting curves is close to its corresponding point a, b, c, or d; 
i.e., d{da,a) < e, etc. (see Figure ITUl where each connecting segment represents "half" of 
one of these connecting curves) . 

We will take d = a, b = b, c = c, and d = d with dD the concatenation of: da from a 
to a, the portion of E from a to c counterclockwise, dc from c to c, the portion of E_ from 
c to 6 counterclockwise, db from b to b, the portion of E from 6 to d counterclockwise, 
dd from d to d, and the portion of E_ from dto a counterclockwise. It is important that 
(for fixed e and D) there is a strictly positive minimal distance between E_ and dD, and 
between dD and the union of the two counterclockwise segments cb and da of dD. These 
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Figure 10: Schematic figure for the construction of E_ and of the new simple loop dG of 
which E will be an outer approximation. The outer loop represents dD and the inner 
one E_. The dotted portions of E are not used to construct dG, which is obtained pasting 
together the remaining portions of E_, portions of dD and the segments connecting E_ and 
dD. 



features will guarantee (as we explain with more detail below) that for fixed e, once k is 
large enough, a continuous curve within D that corresponds to the crossing event whose 
probability is ^f){d,c;b,d) must have a subpath corresponding to the crossing event in 
Dk whose probability is ^Uki^^k, c^; bk, d^). This is the key feature of D, which will yield 
the first inequality of (j22I)- 

We now give a more detailed explanation of the construction of D. We first construct 
the parts of dD that are inside dD. Let / be the conformal map from D onto D with 
/(O) = and /'(O) > 0, and consider the image /((9Di_e/) of the circle = {z : \z\ = 

1 — e'} under / and the inverse images, a*,b*, c*, d*, under of a, b, c, d. Let dl{e', Ea) 
be the straight segment between e~*^'"a* on the unit circle 9©, and (1 — e')e~"^°a* on the 
circle and define dl,d*, and d"^ similarly, but using clockwise rotations by e'^^'^" and 

g+ied for c* and d* (see Figure ITT|). /(9Di_e/) is a candidate for E_{D,e) and f{d^{e\e{)) 
is a candidate for half of (where jj = a or 6 or c or rf), so we must choose e' and the 
ej's small enough so that d(9D, /(Di_e/)) < e, d(/(9*(£', Q.) < etc. We then define 
a = /((I — £:')e~*^''a*) and similarly for 6, c and d (see Figure IT^. 

Consider now the Jordan domain G = G{e) whose boundary dG is given by the con- 
catenation of: /(5*) from a to /(e"*^"a*), the portion of dD from /(e~*^"a*) to /(e*^'^c*) 
counterclockwise, /(<9*) from /(e^^'^c*) to c, the portion of E_ from c to 6 counterclockwise, 
f{dl) from 6 to /(e~*^''6*), the portion of (9D from /(e~*^''6*) to /(e^^'^rf*) counterclock- 
wise, /(<9^) from f{e^^'^d*) to d, and the portion of £^ from dio a counterclockwise (see 
Figure UHl) . 

The exterior of this new Jordan domain G is a connected domain for which we can 
do a construction analogous to the one for the original domain D using a conformal map 
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Figure 11: The figure shows d*,dl,d*, represented as heavy segments between the unit 
circle and the circle of radius 1 — e' near a*,b*,c*,d*. 
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Figure 12: The outer loop is the boundary dD of a bounded simply connected domain D. 
The boundary has a double point at e. The inner loop is = /(9Di_e/), where / is the 
conformal map from D to D. The four segments are the images under / of the segments 

d:,did:,d*,oi Figure im 

from D to obtain candidates for E{D, e) and for the exterior halves of the 9jj's. To do this, 
we use a conformal map from D to the exterior of dG and use a,b,c,d as replacements 
for a, b, c, d (see Figure IT^. 

Finally, we use the freedom to choose the exterior replacements for e' and the ej's 
differently from the interior values to make sure that the interior and exterior halves of 
the c^jj's match up. We also choose the exterior values for e' small enough so that E stays 
between a and /(e~*^''a*), between b and /(e~*^''6*), between c and /(e^^'^c*), between d 
and /(e*^'*(i*) (see Figure IT^ . 

Once all the pieces of dD{e) are available, they are put together as explained above. 
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Figure 13: The pieces of dD (heavier hnes) and of E_ used in the construction of dG are 
indicated by full lines, the ones that are not used by dashed lines. The boundary dG of 
the new Jordan domain G is the resulting full line loop. 



Figure 14: The inner (full) loop is dG, the outer (dashed) one is its outer approximation 
E. The four dotted segments between dG and E, ending at a, 6, c and are the other 
halves of da, db, dc and dd, respectively. 



and as show in Figures ITHl and IT7I below. 

It should be clear that for a given approximation dD of dD constructed as described 
above there is a strictly positive e such that the distance between dD and the portions 
of dD that belong to E_ and E is not smaller than e, and the distance between the union 
cb U da, two counterclockwise segments of dD, and (9a U U 9c U dd is also not smaller 
than e. On the other hand, for any £ > 0, there exists = ko{e) such that for all k > ko, 
dDk is contained inside the e-neighborhood of dD with the counterclockwise segment Ckhk 
(resp., rffcOfc) in the e-neighborhood of the counterclockwise segment ch (resp., da). This 
implies that for k large enough, any blue path crossing inside D from the counterclockwise 
segment ac of dD to the counterclockwise segment bd of dD must have a subpath that 
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Figure 15: The outer approximation E (dotted loop) of dG is chosen close enough to dG 
(full loop) so that it stays between a and /(e~*^"a*), between b and /(e~*^''6*), between c 
and /(e^^'^c*), and between d and f{e^^'^d*). 




c 



Figure 16: Final step of the construction of the simple loop dD (shown as a full line loop) 
using pieces of dG and of E (see Figure IT^ . The pieces of dG and of E that are not used 
are dashed. 



stays inside and crosses between the counterclockwise segment atCk of dDk and the 
counterclockwise segment h^dk of dD^- Therefore the crossing probability is a lower 

bound for for all k > ko, so that 

liminf ^J'^ > lim ^% = ^„ (23) 

as desired (the equality uses Smirnov's result, Theorem EJ for fixed D{e)). 

We now note that as e ^ 0, {D,d,b,c,d) —>■ {D, a, b, c, d). This allows us to use the 
continuity of Cardy's formula (Lemma IB.2l in Appendix EI) to obtain 

liml>e = <l>. (24) 
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Figure 17: The figure shows all the curves and special points involved in the construction 
of the simple loop dID, whose steps have been detailed in the text. dD is indicated by a 
heavy full line. 



From this and (j23|l it follows that 

liminf > (25) 

fc— »oo 

The remaining part of the proof involves defining a domain D analogous to D but 
with the property that the probability of an appropriate crossing, such that 

lim lim l'^^, , = $, (26) 

is an upper bound for (^^^ for all k large enough. (The details of the construction of ID 
are analogous to those of D; we leave them to the reader.) This shows that 

limsup$^'= < $, (27) 



which, combined with implies 



and concludes the proof. □ 



lim = $ (2^ 

fc— >oo 



We note that TheoremlHl combined with the continuity of Cardy's formula in the shape 
of the domain (for admissible domains) and positions of the four points on the boundary 
f Lemma IB.2|) . implies the convergence of crossing probabilities to Cardy's formula locally 
uniformly in the shape of the domain with respect to the uniform metric on curves, and 
in the location of the four points on the boundary with respect to the Euclidean metric; 
i.e., for {D,a,b,c,d) an admissible domain with a,b,c,d G dD (with the notation used 
in Theorem ini), Ve > 0, 3ao = aQ{e) and 6o = So{e) such that for all admissible domains 
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[D' , a', 6', c', d!) with max (d(9D, |a — a'|, |6 — |c — c'|, |(i — < ao and 5 < So, 
\^D'{ci\c']h' ,d') - $^,(a', c'; 6', < e, where ^D'{a! ,d]h\d') is Cardy's formula and 
$^/(a', c'; 6', c/') is the corresponding crossing probabihty. 

Our next task is to show that the filhng of any subsequential scahng hmit of the 
percolation exploration process satisfies the spatial Markov property. Let us start with 
some notation. First of all, suppose that D is a Jordan domain, and a and h are two 
points on dD. Define the discrete filling (or simply filling) at time t of a percolation 
exploration path 7I) „ ^ (with a given parametrization) inside (the 5-approximation 
of) D from (the e- vertex closest to) a to (the e- vertex closest to) h to be the union of 
the hexagons explored up to time t and those unexplored hexagons from which it is not 
possible to reach h without crossing an explored hexagon or dD (in other words, this is 
the set of hexagons that at time t have been explored or are disconnected from h by the 
exploration path). 

Consider a sequence {(-Dfc, a^, h^)} of Jordan domains such that (D^, a^, h^) {D, a, b), 
where 0^,6^ G dD^ are two distinct points on dD^. Denote by 7^ = "^^i^a^bk perco- 
lation exploration path inside (the 5-approximation of) from (the e- vertex closest 
to) ttfc to (the e-vertex closest to) h^. 

Notice that we can couple the paths 7^ simultaneously for all values of k and 5 by 
using the same percolation configuration to generate all of them. We can then apply the 
results of [2] to conclude that there exists a subsequence 5^ j such that the law of 7^* 
converges to some limiting law for a process 7 supported on (Holder) continuous curves 
inside D from a to h. The filling Kt of 7[0,t], appearing in the next theorem, is defined 
just above Equation (fTTj) . 

Theorem 7. For any subsequential limit process 7 of the percolation exploration path 7^ 
defined above, the filling Kt o/7[0,t], as a process, satisfies the spatial Markov property. 

Proof. Let 5^ | be a subsequence such that the law of 7^* converges to some limiting law 
supported on continuous curves 7 inside D from a to b. We will prove the spatial Markov 
property by showing that {Kf,,'y{Tj)) as defined in the proof of Theorem are jointly 
distributed like the corresponding SLEq hull variables, which do have the spatial Markov 
property. For each fc, let denote the filling at time t of 7^'' (with some parametrization 
- we do not need to worry about the choice of parametrization here) . It follows from the 
Markovian character of the percolation exploration process that, for all /c, the filling of 
the percolation exploration path 7^* satisfies a suitably adapted (to the discrete setting) 
spatial Markov property. (In fact, the percolation exploration path satisfies a stronger 
property - roughly speaking, that the future of the path given the filling of the past is 
distributed as a percolation exploration path in the original domain from which the filling 
of the past has been removed.) 

To be more precise, let /g be a conformal transformation that maps to H such 
that /o(afc) = and /q (&fc) = 00 and let = (e) denote the first exit time of 7fc'°(t) 
from G\ = (/q )~^(C(0, e)) defined as the first time an explored hexagon intersects the 
image under (/q )~^ of the semi-circle {z : \z\ = e}r\M.. Define recursively Tj^^^ as the first 
exit time of 7^" [T/, 00) from G'^_^^ = (/^fe)-i(C(0, e)), where /^^ is a conformal map from 
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Dk \ K^k to H that maps 7f'=(r/) to and 6^ to oo. We also define rf+i = T/+i - T/, so 

that = + . . . + rj", and the (discrete-time) stochastic process = {K^k,1k'i'^j')) 
for j = 1, 2, . . . . The Markovian character of the percolation exploration process imphes 
that, for every k, X^ is a Markov process (in j). In order to study the limit as A; — > oo of 
X^, X2, . . ., we first need to analyze in more detail the mappings /i;^.. 

i 

The conformal transformations f!l^ are defined as follows, with an arbitrary multi- 

phcative factor \j. We choose /^^ to be the composition \j'4>^ o (j)^- of two maps, where 

\j > 0, 0^ is the conformal transformation that maps D^^ \ K^^. onto D with 0^(0) = 

and (0^)'(O) > (we are assuming for simplicity that the domain \ K^^. contains the 

■' j 
origin; if that is not the case, one can think of a translated domain that does contain the 

origin), while ijjj is the inverse of the transformation 



^ ^ I + i_ I (29) 



nk 



(^ + 1) - 4 



k 



that maps H onto D, where 9j is chosen so that e* j = (jfj{hk) and can be chosen so 
that |1 - 41 = 1, Im(^J) > and 05(6fe)(^) = (f)^-{^l'^{T^)), which means that Xjip^ 

1 z- 

maps (t)]{-^l\Tf)) to and (t)]{hk) to 00, so that /^^ = A^-^/'l o indeed maps 7f"(T/) to 
and hk to 00. 

Since 7^*° converges in distribution to 7, we can find two coupled versions of and 7 
on some probability space (r2',i3',P') such that 7^*^ converges to 7 for all u;' G in the 
rest of the proof we work with these new versions which, with a slight abuse of notation, 
we denote with the same names as the original ones. Let /o be a conformal transformation 
that maps to H such that /o(ci) = and /o(6) = 00 and let Ti = Ti{e) denote the 
first time 7(t) hits D \ Gi, with Gi = /q"^(C(0, e)). Define recursively T^+i as the first 
time 7(i) hits D \ Gj+i, with Gj+i = /^^(C(0, £)), where ff. is a conformal map from 

D \ Kf. to H that maps 7(7}) to and 6 to 00. We also define fj = Tj+i — T,, so 
that Tj = fi + . . . + fj, and the (discrete-time) stochastic process Xj = {Kf.,^{Tj)). As 
above, we choose the conformal transformation ff^ to be the composition Xj ipj o 0^ of 
two maps, where Xj > 0, (pj is the conformal transformation that maps D \ Kt^ onto D 
with 0j(O) = and 0^ (0) > (once again, we are assuming for simplicity that the domain 
D \ contains the origin; if that is not the case, one can think of a translated domain 
that does contain the origin), while ipj is the inverse of the transformation 

w = { + (30) 



[z + l)-~z, 



that maps H onto D, where 9j is chosen so that e*^^ = 0j(^) ^-^d Zj can be chosen so 
that |1 — 5j| = 1, Im(fj) > and 0j(&)(j5&) = 4>j{l{Tj))-i which means that Xj%l)j maps 
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(pji^'yiTj)) to and to oo, so that ff, = Xji'j o 0^ indeed maps 7(Tj) to and b to 
oo. 

Analogous quantities can be defined for the trace of chordal SLEq. For clarity, they 
will be indicated here by the superscript SLEq; e.g., //^^^ K^^^'', and Xf^^\ 

We want to show recursively that, for any j, as A; — * oo, {X^, . . . ,Xj} converge jointly 
in distribution to {Xi, . . . ,Xj}. By recursively applying Theorem IHl and Lemma fA.H we 
can then conclude that {Xi, . . . ,Xj} are jointly equidistributed with the corresponding 
SLEq hull variables (at the corresponding stopping times) {X^'^^^ , . . . , Xj^^^}. Since 
the latter do satisfy the spatial Markov property, so will the former, as desired. 

The zeroth step consists in noticing that the convergence of {Dk, ak,bk) to {D, a, b) as 
A; — > oo allows us to apply Rado's theorem (i.e.. Theorem IHl of Appendix to show that 
(00 converges to 0g ^ uniformly in D. This, together with the convergence of to a 
and bk to 6, implies that 0o('^fc) converges to 0o('^) and (f)Q{bk) to (poib). Therefore, we 
also have the convergence of AqV'o to Xoipo and we can conclude that (/o)~^ converges 
to /o"^ uniformly on compact subsets of H, which implies that the boundary dG^ of 
G'l = (/q )~^(C(0, e)) converges to the boundary dGi of Gi = /q"^(C(0, e)) in the uniform 
metric on continuous curves. 

Starting from there, the first step of our recursion argument is organized as follows: 

(1) K^fc — * Kf^ by "number of arms" percolation bounds [16] and Lemma lA.21 below, 
but also K^^ ir^f ^« by Lemma HU (Th eoreminiis used here). 

(2) D, \ K'^, ^D\Kf^, but also \ K^, ^ D \ by (1). 

(3) ^ f\, but also ^ /^^^^«, by Corollary EU 

(4) G^ G2, but also ^ by (3). 

At this point, we are in the same situation as at the zeroth step, but with Gi, Gi and 

Gf^^« replaced by G^, G2 and G^^^^' respectively, and we can proceed by recursion. As 

explained above, the theorem then follows from the fact that the SLEq hull variables do 

posses the spatial Markov property. 

In what follows we will show that the "number of arms" bounds [16] and Lemma fA. 21 

below imply the convergence of Kl^,. to Kf , and that the conditions to apply Theorem IHl 

_ ———1 
Lemma Fa. 21 and CoroUarv IB . 1 1 are always satisfied. (This last point boils down to showing 

that the domains D \ Kf and Gj are admissible for all j.) We begin by showing first 

that, as k 00, K!^^ converges in distribution to Kf^ (which also implies that 'jl'^iT^) 

converges in distribution to 7(Ti)), from which it follows that Xi converges in distribution 
to Xi. 

Consider G^ \ K^t, and Gi \ Kf^; they are both composed of two domains (which 
"meet" at jl'^iTf') and 7(Ti) respectively), which we denote by A^-^ and 2 by Ai^i 
and Ai^2, respectively (see Figure UHl). 
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Figure 18: Schematic figure representing Gi \ Kf^ = Ai^i U Ai^2- 



It follows from [2] that for some further subsequence fc„ of the A;'s (which we denote by 
simply replacing A; by n), (7^^", dA^^, dA'^2) converge jointly in distribution to some limit; 
we already know that 7^" must converge to 7 and want to use this fact and a suitably 
adapted triangular array version of Lemma f whose validity does not rely on statement 
(S)) to conclude that the limit is unique and coincides with (7, dAi i, dAi 2)- (Notice that 
All ^12 two of the (many) domains in produced by the exploration process 
started at a„ and stopped when it first hits the image under (/q of the semi-circle 
{z : \z\ = e} nM, so we are in a context close to that of Lemma f5.2j) . 

First of all, we need to show that the scaling limit of K^„ touches the image of the 
semi-circle {z : \z\ = e} (IM under (/o)~^ at a single point. This follows immediately 
from the definition of the stopping time T" for every fixed n (with the map {fo)~^), but 
it could fail to be true in the limit n 00. The fact that it holds true in the limit is 
a direct consequence of Lemma lA.21 below (in fact, a simpler version concerning Jordan 
domains would suffice here, but not when we iterate the argument - see below), which 
also implies that the single point at which the scaling limit of touches the image of 
the semi-circle {z : \z\ = e}nM under (/o)~^ coincides with the limit of 7^"(T") and with 
7(Ti). 

Therefore, if we remove the single point 7(Ti), the scaling limit of the boundary of 
K^n splits into a left and a right part (corresponding to the scaling limit of the leftmost 
yellow and the rightmost blue T-paths of hexagons explored by 7^" , respectively) that do 
not touch the image of the semi-circle {z : \z\ = e} (1 M under (/o)~^. 

Moreover, Lemma fA.SI below implies that if 7^" has a "close encounter" with dDn, then 
it touches dD^. Analogously, the standard bound on the probability of six crossings of 
an annulus [16], used repeatedly before, implies that wherever 7^" has a "close encounter" 
with itself, there is touching (see the proof of Lemma f5.1|) . These two observations assure 
that the scaling limit of K^i^ is almost surely a filling (of 7[0, Ti]), i.e., a closed connected 
set whose complement in D is simply connected. From the same bound on the probability 
of six crossings of an annulus, we can also conclude that the scaling limits of the left and 
right boundaries of K^n are almost surely simple (continuous) curves, as in the proof of 
Lemma 15.11 

It is also possible to conclude that the intersection of the scaling limit of the left and 
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right boundaries of K^n with the boundary of D almost surely does not contain arcs of 
positive length. In fact, if that were the case, it would be possible to find a subdomain 
D' with three counterclockwise points ^ri, ^2, ^3 on its boundary such that the probability 
that an exploration path started at zi and stopped when it first hits the arc Z2Z^ of dD' 
has a positive probability, in the scaling limit, of hitting at Z2 or Z3, contradicting Cardy's 
formula (which, by Theorem IHl holds for all subsequential scaling limits). This means 
that the scaling limit of K^n almost surely satisfies the condition in ()17p and is therefore 
a hull. It says as well that, almost surely, the scaling limit 7 of 7^" does not "stick" to 
the boundary of Gi, which implies that also Kf^ satisfies the condition in (jl7|) and is 
therefore a hull. 

It also implies that D \ Kf^ and G2 are admissible domains since the part of the 
boundary of either D \ Kf^ or G2 that belongs to the boundary of Kf^ can be split up, 
by removing the single point 7(Ti), into two pieces which are, by an application of the 
proof of Lemma f5. 11 simple continuous curves, while the remaining part of the boundary 
of either D \ Kf^ or G2 is a Jordan arc whose interior does not touch the hull Kf^. 
(Notice however, that they need not be Jordan domains because Kf^ has cut-points with 
positive probability - see Figure IT^. This will be important later, when we need to apply 
Lemma fA. II fand therefore Theorem E}, Corollarv IB. II and Lemmas IA.2IIA.3l again. 

Then, since hulls are characterized by their "envelope" (see Lemma FA . 1 1 and the discus- 
sion preceding it), the joint convergence in distribution of {dA^^, ^^^i 2} {dAi^i, dAi^2} 
would be enough to conclude that KJj^n converges to Kf^ as n — > 00, and in fact that 
(7^", KJj^Ti) converges in distribution to (7, Kf^) (and this will be valid also for the original 
subsequence k and not just for the further subsequence fc„). In order to get that, as 
explained before, we can use the convergence in distribution of 7^" to 7 and apply almost 
the same arguments as used in the proof of Lemma 15.21 The only difference is that, in 
proving claim (C), we cannot use the bound on the probability of three crossings of an 
annulus centered at a boundary point because we are not necessarily dealing with a con- 
vex domain. To replace that bound we use once again Lemmas I A . 211 A . 3l b elow (a simpler 
version concerning Jordan domains would again suffice here, but not when we iterate the 
argument - see below). 

We can then conclude that KJ^n converges in distribution to Kf^ , which in turn implies 

the joint convergence in distribution of {K!^^,'yl''(T^)) to {Kf_^,'y{Ti)) and concludes the 
first step of the argument. 

We next need to prove that ((JC^fe, 7^''(Tf )), (fC^fe, 7^'''(T2'^))) converges in distribu- 
tion to {{Kf^,^{Tij), {Kf^,'y(T2))). Since we have already proved the convergence of 
{K^k,1k'{'^i)) ^'^ (-^Ti' 7(^1))' ^6 claim that all we really need to prove is the conver- 
gence of (K^, \ ir^,,7^'=(T|)) to (kf^ \ %,7(f2)). To see this, notice that if^, \ K^, 
is distributed like the hull of a percolation exploration path inside Dk \ Kjl^.. Besides, 
the convergence in distribution of {K^^.^'^^iT'^)) to {Kf^,^{Ti)) implies that we can find 
versions of (7^*°, K!^^) and (7, kf_^ on some probability space {Q! , B', P') such that ■yl''{uj') 
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converges to '^{uo') and (-ft'^fc, 1^k{Ti)) converges to {Kf^, 7(^i)) for all 00' G fi'. These two 

observations imply that, if we work with the coupled versions of {'yl'',Kl^k) and (7,^j.J, 

we are in the same situation as before, but with (resp., D) replaced by DAKt,^ (resp., 

D\Kf ) and at (resp., a) by '^^i!'{T^) (resp., 7(Ti)). As already remarked, D\Kf and G2 
are admissible domains, which allows us to use Theorem El (and therefore Lemma lA.ljl . 
Corollarv IB. II and Lemmas I A. 211 A. 3l 

Then the conclusion that {{K^,,-il'{T^)),{K^,,^l^{T^))) converges in distribution 

to ((i^^j,^, 7(Ti)), (i^^j,^, 7(T2))) follows from the same arguments as before, again using 
Corollary IB. II and Lemmas IA.2IIA.3l In order to get claim (C), in places where the 
exploration path comes close to the boundary of the past hull we can use the bound on 
the probability of six crossings of an annulus in the plane (as already seen in the case /c = 3 
of the proof of Theorem Q), while in places where it comes close to the remaining portion 
of the boundary (i.e., dD or the Jordan arc cd in Figure IT^ we can use Lemmas r01IX3l 




Figure 19: Schematic figure representing a hull (shaded) with a cut-point e, resulting in 
a non- Jordan, but admissible, D2- 

We can now iterate those same arguments j times, for any j > 1 . It is in fact easy to 
see by induction that the domains D \ Kf, and Gj that appear in the successive steps are 
admissible for all j. Therefore we can keep using Theorem [HI (and therefore Lemma fA.l|) . 
Corollarv IB . II and Lemmas IA.2IIA.3l If we keep track at each step of the previous ones, in 
the spirit of Theorem Q this provides the joint convergence of all the curves and fillings 
involved at each step and concludes the proof of Theorem 13 □ 

Lemma A. 2. Let {{Dk,ak,Ck,dk)} be a sequence of domains admissible with respect to 
{ak,Ck,dk) and let 7^ be the percolation exploration path in Dk started at and stopped 
when it first hits the counterclockwise arc J[, = c'^rf'^ C Jk = c^dk of dD^- Assume 
that, as k ^ 00, {Dk,ak,Ck,c'i.,dk,d'i.) converges to {D,a,c,c',d,d'), where D is a do- 
main admissible with respect to {a,c,d) and J = c'd' <Z J = cd. Let £^{Jk]£,s') = 
{[Jv(^Jk\J' ^' ^')}U{IJ^ej' -^fcl"^! ^5 ^')}; where Al{v; €, e') is the event that'll contains 

a segment that stays within B{v,e) and has a double crossing of the annulus B{v,e) \ 
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B{v,e') without that segment touching dDl, and Bl{v;e,e') is the event that 7^ enters 
B{v,6'), but is stopped outside B{v,e) and does not touch dDj. fl B{v,e). Then, for any 
e>0, 

lim lim sup P(4^(Jfc; = 0. (31) 

Essentially, this means that as 6 ^ (and k 00), it becomes increasingly unlikely that 
the exploration path ever comes close to Jk without quickly touching dDl nearby. 

Lemma lA.21 easily implies the following result, used in Theorem [7| to show that if 7 
touches dD, then 7^" touches dD^ nearby, for n large enough. 

Lemma A. 3. With the notation and assumptions of Lemma \A . gj. 

lim lim lim sup P( |J Al{v;e,e')) = 0. (32) 

Proof. First of all notice that for v in Jk\ J'^ but not in -B(c', e) and not in B{d\ e), the 
events A^iv] e, e') and Bl{v; e, e') are exactly the same because the exploration path is, by 
definition, stopped on J(. Therefore, we only have to prove that the event corresponding 
to the union over v G {Jk \ J'k} H {B{c', e) U B{d', e)} of Al{v; e, e') has probability going 
to zero as e — s> 0. We already know from Lemma fA.2l that B^iy; e, e') happens with small 
probability for those points. This is, however, not sufficient because the exploration path 
could enter B{v,e'), then exit B{v,e), and then re-enter it and touch J[ inside B{v,e), 
which is not an event in Bl{v]e,e'). But such an event would imply that •yf. first touches 
J'k inside one of the two balls of radius e centered at c'k and d'k, and by an application of 
Cardy's formula the probability that the latter happens goes to zero as e — 0. □ 



The proof of Lemma IA.2I is partly based on relating the failure of ()3Tj) to the oc- 
currence with strictly positive probability of certain continuum limit "mushroom" events 
(see Lemma IA.5jl that we will show must have zero probability because otherwise there 
would be a contradiction to Lemma [A. 41 which itself is a consequence of the continuity of 
Cardy's formula with respect to the domain boundary. In both of the next two lemmas, 
we denote by fi any subsequence limit of the probability measures for the collection of 
all colored (blue and yellow) T-paths on all of M^, in the Aizenman-Burchard sense (see 
Remark \'2.1^ . We recall that in our notation, D represents an open domain and Z1Z2, z^z^ 
represent closed segments of its boundary. In Lemma I A. 41 below, we restrict attention 
to a Jordan domain D since that case suffices for the use of Lemma I A. 41 in the proof of 
Lemma IA.2I 

Lemma A. 4. For {D, zi, Z2, z^, Z4), with D a Jordan domain, consider the following cross- 
ing events, C* = C*{D, zi, Z2, Z3, Z4), where * denotes either blue or yellow and i = 1,2, 3: 

CI = {3 a * path in the closure D from 'Z1Z2 to Z3Z4}, 
C2 = {3 a * path in D from the interior of Z1Z2 to the interior of Z3Z4}, 
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= {3 a * path starting and ending outside D whose restriction to D is as in Cg}. 
Then ^(Q) = j^iQ) = fi{C^) = ^d{zi, Z2; Z3, Z4). 

Proof. The proof is similar to that of Theorem IHl but easier because D is here a Jordan 
domain. Indeed, it is enough to construct a new Jordan domain D{e) (with appropri- 
ately selected points 52(e), 53(e), 54(e) on the boundary and corresponding events 
C*) such that the occurrence of CI in D{e) implies the occurrence of C3 in D and with 
(Z)(e), 5i(e), 52(e), 53(e), 54(e)) — *• {D, zi, Z2, Z3, Z4) as e — > 0. The continuity of Cardy's 
formula f Lemma IB. 21 in Appendix IB|) does the rest, q 

Lemma A. 5. For {D, a, c, d) as in Lemma \A.Si v E J = cd, and e > 0, we define 
11^'^''''°'^ {D , e , v) , the yellow "mushroom" event (atv), to be the event that there is a yellow 
path in D from v to dB{v,e) and a blue path in D, between some pair of distinct points 
Vi,V2 in dD fl {i?(f,e/3) \ -B(f,e/8)}, that passes through v and such that this blue path 
is between dD and the yellow path (see Figure 1^) . We similarly define f/^'"'^(Z), e, w) 
with the colors interchanged and U*{D,e,J) = U^fz jU*{D,e,v) where * denotes blue or 
yellow. Then for any deterministic domain D and any < e < min{|a — c\,\a — d\}, 
/x([/*(D,e,J)) = 0. 




Figure 20: A yellow "mushroom" event. The dashed path is blue and the dotted path is 
yellow. The three circles centered at v in the figure have radii e/8, e/3, and e respectively. 

Proof. If fj,{U*{D,e, J)) > for some e > 0, then there is some segment a'b' C J of dD 
of diameter not larger than e/10 such that 

MU,g^t/*(A^,t^))>0. (33) 

Choose any point Vo G a'b' and consider the new domain D' whose boundary consists of 
the correctly chosen (as we explain below) segment of the circle dB[vo,e/2) between the 
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Figure 21: Construction of the domain D' (shaded) used in the proof of Lemma f A. 51 



two points d,d' where dD first hits dB{vo,e/2) on either side of vq, together with the 
segment from d' to d of dD (see Figure l?T|). The correct circle segment between c' and 
c?' is the (counter) clockwise one if Vq is between c' and along dD when dD is oriented 
(counter) clockwise. It is also not hard to see that since e < min{|a — c\,\a — d\}, D' is 
a Jordan domain, so that Lemma fA.4l can be applied. In the new domain D', a'b' is the 
same curve segment as it was in the old domain D, but dd' is now a segment of the circle 
dB{vQ,e/2). It should be clear that 

^ve^U*{D, e, v) C C*(D', a', 6', c', d') \ C;{D', a\ b' , d, d') (34) 

which yields a contradiction of Lemma lA. 41 if fi{U*{D,e, J)) > 0. □ 

Proof of Lemma IA.21 We first note that since the probability in ()31|) is nonincreasing 
in e, we may assume that e < min{|a — c|, |a — (i|}, as requested by Lemma lA. 51 

Let us first consider the simpler case of B^''{v;e,e') in which v G J^. We follow the 
exploration process until time T, when it first touches dB{v,e') for some v G J^, and 
consider the annulus B{v,e) \ B{v,e'). Let vry be the leftmost yellow T-path and tcb the 
rightmost blue T-path in r(7f) at time T that cross B{v,€) \ B(v,e'). tty and tcb split 
the annulus B{v, e) \ B{v, e') into three sectors that, for simplicity, we will call the central 
sector, containing the crossing segment of the exploration path, the yellow (left) sector, 
with TTy as part of its boundary, and the blue (right) sector, the remaining one, with tcb 
as part of its boundary. 

We then look for a yellow "lateral" crossing within the yellow sector from wy to dDk 
and a blue lateral crossing within the blue sector from vr^ to dDk- Notice that the yellow 
sector may contain "excursions" of the exploration path coming off dB{v,e), producing 
nested yellow and blue excursions off dB{v,e), and the same for the blue sector. But for 
topological reasons, those excursions are such that for every group of nested excursions, the 
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outermost one is always yellow in the yellow sector and blue in the blue sector. Therefore, 
by standard percolation theory arguments, the conditional probability (conditioned on 
r(7f) at time T) to find a yellow lateral crossing of the yellow sector from vry to dDk is 
bounded below by the probability to find a yellow circuit in an annulus with inner radius 
e' and outer radius e. An analogous statement holds for the conditional probability 
(conditioned on r(7^) at time T and also on the entire percolation configuration in the 
yellow sector) to find a blue lateral crossing of the blue sector from tt^ to dD^. Thus 
for any fixed £ > 0, by an application of the Russo-Seymour- Welsh lemma [27,29], the 
conditional probability to find both a yellow lateral crossing within the yellow sector from 
vTy to dDk and a blue lateral crossing within the blue sector from ttb to dDk goes to one 
as e' 0. 

But if such yellow and blue crossings are present, the exploration path is forced to 
touch J[ before exiting B{v,e), and if that happens, the exploration process is stopped, 
so that it will never exit B{v,e) and the union over v & of Bl{v;e,e') cannot occur. 
This concludes the proof of this case. 

Let us now consider the remaining case in which f ^ J^. The basic idea of the proof is 
then that by straightforward weak convergence and related coupling arguments, the failure 
of would imply that some subsequence limit /i would satisfy /i(f/^'^"'""(D, e, J) U 
U^^^'^ {D , e , J)) > 0, which would contradict Lemma lA.51 This is essentially because the 
close approach of an exploration path on the (5-lattice to Jk \ J'k without quickly touching 
nearby yields one two-sided colored T-path (the "perimeter" of the portion of the hull 
of the exploration path seen from a boundary point of close approach) and a one-sided 
T-path of the other color belonging to the percolation cluster not seen from the boundary 
point (i.e., shielded by the two-sided path). Both the two-sided path and the one-sided 
one are subsets of r(7f). 

Assume by contradiction that (|31|) is false, so that close encounters without touching 
happen with bounded away from zero probability. Consider for concreteness an explo- 
ration path 7^ that has a close approach to a point v in the counterclockwise arc d'^dk- 
The exploration path may have multiple close approaches to v with differing colors of the 
perimeter as seen from f , but for topological reasons, the last time the exploration path 
comes close to f , it must do so in such a way as to produce a yellow T-path vry (seen 
from v) that crosses B{v,e) \ B{v,e') twice, and a blue path ttb that crosses it once (see 
Figure 1221) • This is so because the exploration process that produced 7^ ended somewhere 
on J[ (and outside B{v,e)), which is to the right of (i.e., clockwise to) v. 

The presence of Try implies that there are a yellow leftmost T-path ttl and a yellow 
rightmost T-path tt/j (looking at v from inside Dk) crossing the annulus B{v, e) \ B{v, e'). 
The paths ttl and tth split the annulus B{v,e) \ B{v,e') into three sectors, that we will 
call the central sector, containing ttb, the left sector, with ttl a.s part of its boundary, and 
the right sector, with it a as part of its boundary. Again for topological reasons, all other 
monochromatic crossings of the annulus are contained in the central sector, including at 
least one blue path ttb- As in the previous case, the left and right sectors can contain 
nested monochromatic excursions off dB[v, e), but this time for every group of excursions, 
the outermost one is yellow in both sectors. 
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Figure 22: The event consisting of a yellow double crossing and a blue crossing used as a 
first step for obtaining a blue mushroom event in the proof of Lemma IA.2I The dashed 
crossing is blue and the dotted crossing is yellow. 



Now consider the annulus B{v,6/3) \ B{v,6/8). We look for a yellow lateral crossing 
within the left sector from vr^ to dDk and a yellow lateral crossing within the right sector 
from TTii to dDk- Since the outermost excursions in both sectors are yellow, the condi- 
tional probability to find a yellow lateral crossing within the left sector from ttl to dDk is 
bounded below by the probability to find a yellow circuit in an annulus with inner radius 
e' and outer radius e, and an analogous statement holds for the conditional probability 
to find a yellow lateral crossing within the right sector from vr^ to dDk- Thus for any 
fixed e > 0, by an application of the Russo-Seymour- Welsh lemma [27,29], the conditional 
probability to find both yellow lateral crossings goes to one as e' — > 0. But the presence of 
such yellow crossings would produce a (blue) mushroom event, leading to a contradiction 
with Lemma [a. 51 □ 

We are finally ready to prove the main result of this section which implies statement 
(S) at the beginning of Sectional 

Corollary A.l. Consider a sequence {{Dk, ak,bk)} of Jordan domains with two distinct 
selected points ak, bk on their boundaries dDk- Assume that {Dk, ak, bk) {D, a, b), where 
D is a Jordan domain with two distinct selected points on its boundary dD. Denote by 
7^ = 7|)j. 6^ the percolation exploration path inside (the 5 -approximation D^ of) Dk from 
(the e-vertex closest to) ak to (the e-vertex closest to) bk- Then for any sequence 5k [ 0, 
as k oo, converges in distribution to the trace 'jo^afi of chordal SLEq inside D from 
a to b. 

Proof. It follows from [2] that 7^*" converges in distribution along subsequence limits 
Since we have proved that the filling of any such subsequence limit 7 satisfies the spatial 
Markov property (Theorem [7j) and the exit distribution of 7 is determined by Cardy's 
formula (Theorem IH)), we can deduce from Theorem El that the limit is unique and that 
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the law of 7^* converges, as ^ 00, to the law of the trace 'jD,a,b of chordal SLEq inside 
D from a to 6. □ 

Appendix B: Sequences of Conformal Maps 

In this appendix, we give some results about sequences of conformal maps that are used 
in various places throughout the paper. For more details, the interested reader should 
consult [24]. 

Definition B.l. (see Section 1.4 of [24]) Let wq & C be given and let {Gn} be domains 
with Wo E Gn C C We say that Gn ^ G as n ^ 00 with respect to wq in the sense of 
kernel convergence if 

1. either G = {wq}, or else G is a domain 7^ C with Wq & G such that some neighbor- 
hood of every w E G lies in Gn for large n; and 

2. for w G dG there exist Wn € dGn such that Wn w as n ^ 00. 

It is clear from the definition that every subsequence limit also converges to G and it 
is also easy to see that the limit is uniquely determined. With this definition we can now 
state Caratheodory's kernel theorem [9]. 

Theorem 8. (see Theorem 1.8 of [24]) Let fn map D conformally onto Gn with fn{0) = wq 
and fn{0) > 0. If G = {wq}, let f{z) = Wq; otherwise let f map D conformally onto G 
with /(O) = Wq and /'(O) > 0. Then, as n ^ 00, fn ^ f locally uniformly in D if and 
only if Gn — ^ G with respect to wq. 

The next result, Rado's theorem [25], deals with sequences of Jordan domains and is 
used in the main body of the paper. In this case the conformal maps have a continuous 
extension to © U 9©. 

Theorem 9. (see Theorem 2.11 of [24]) For n = 1,2, . . . , let Jn and J be Jordan curves 
parametrized respectively by (f)n{t) and (f){t), t G [0,1], and let fn and f be conformal 
maps from © onto the inner domains of Jn and J such that fn{0) = /(O) and /^(O) > 0, 
/'(O) > for all n. // 0„ ^ as n 00 uniformly in [0, 1] then fn ^ f as n ^ go 
uniformly in D. 

The type of convergence of sequences of Jordan domains {Gn} to a Jordan domain 
G encountered in the main body of the paper (i.e., in the sense that dGn converges, as 
n ^ 00, to dG in the uniform metric Q on continuous curves) is clearly sufficient to 
apply Theorem ini In Appendix El however, we have to deal with domains that are not 
Jordan, and therefore we cannot use Rado's theorem. The tools needed to deal with those 
situations are described below. 

Definition B.2. (see Section 2.2 of [24]) The closed set A d is called locally con- 
nected if for every e > there zs 5 > such that, for any two points a,h E A with 
\a—h\ < 5, we can find a continuum B with diameter smaller than e and with a,h E B G A. 
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In the definition above, a continuum denotes a compact connected set witli more 
than one point. We remark that every continuous curve (with more than one point) is a 
locally connected continuum (the converse is also true: every locally connected continuum 
is a curve). The concept of local connectedness gives a topological answer to the problem 
of global extension of a conformal map to the domain boundary, as follows. 

Theorem 10. (see Continuity Theorem in Section 2.1 of [24]) Let f map the unit disk 
D conformally onto G C C U {cxd}. Then the function f has a continuous extension to 
D U dJ} if and only if dG is locally connected. 

When / has a continuous extension to DU9D, we do not distinguish between / and its 
extension. This is always the case for the conformal maps considered in this paper. The 
problem wether this extension is injective on D has also a topological answer, as follows. 

Theorem 11. (see Carathheodory Theorem in Section 2.1 of [24]) In the notation of 
Theorem[TJ^ the function f has a continuous and injective extension if and only if dG is 
a Jordan curve. 

When considering sequences of domains whose boundaries are locally connected the 
following definition is useful. 

Definition B.3. (see Section 2.2 of [24]) The closed sets An C C are uniformly locally 

connected if, for every e > 0, there exists 6 > independent of n such that any two 
points an,bn G An with |a„ — &„| < 6 can be joined by continua Bn C An of diameter 
smaller than e. 

The convergence of domains used in this paper (i.e., G„ — > G if dGn dG in the 
uniform metric Q on continuous curves) clearly implies kernel convergence, which imme- 
diately allows us to use Theorem |H| However, we need uniform convergence in D. This 
is guaranteed by Rado's theorem in the case of Jordan domains; in the non- Jordan case, 
sufficient conditions to have uniform convergence are stated in the next theorem. 

Theorem 12. (see Corollary 2.4 of [24]) Let {Gn} be a sequence of bounded domains such 
that, for some < r < R < oo, B{0, r) <Z Gn C -8(0, R) for all n and such that {C \ Gn} 
is uniformly locally connected. Let fn map D conformally onto Gn with fn{0) =0. // 
fn{z) ^ f{z) as n ^ oo for each z G ©, then the convergence is uniform in D. 

In order to use Theorem in Appendix ^ we need the following lemma. The defi- 
nitions of admissible domain and the related notion of convergence are given just before 
Theorem IHl in Appendix 1X1 

Lemma B.l. Let {(G„, a„, c„, (i„)} be a sequence of domains admissible with respect to 
{an,Cn,dn) and assume that, as n ^ oo, {Gn,an,Cn,dn) — >■ {G,a,c,d), where G is a 
domain admissible with respect to (a, c, d). Then the sequence of closed sets {C \ Gn} is 
uniformly locally connected. 
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Proof. In order to prove the lemma, we claim that it suffices to focus on pairs of points 
on the boundaries, i.e., to show that: (*) for every e > 0, there exists 6 = S{e) > 
independent of n such that any two points Un,Vn G dGn with |m„ — f„| < 6 can be joined 
by a continuum of diameter < e contained in the complement C \ G„ of Gn- 

To verify our claim, let us assume (*) for the moment, and consider two points Un,Vn € 
C\Gn (but not necessarily in dGn) with \un — Vn\ < S', where 6' = min{i(5(|), |}. 
If (at least) one of the two points, say m„, is at distance greater than 6' from dGn, 
then we can connect m„ and f„ using the closed ball of radius S' centered at Un, since 
Vn € B{un, S') <Z C \ Gn- If both points are at distance smaller than 6' from dGn, we can 
connect each point to a closest point on dGn by a straight segment of length smaller than 
6'. Those two points on dGn can then be connected to each other by a continuum S„ of 
diameter < e/3 contained in C \ Gn, and the union of Bn with the two straight segments 
gives a continuum of diameter < e connecting m„ with f„ and contained in C \ G„. 

We now prove (*). Since dGn dG in the uniform metric © on continuous curves, 
for every e > there exists no = no{e) such that for all n > Uq, d{dGn,dG) < e. 
The admissibility of G implies that we can split its boundary into three Jordan arcs, 
Ji = da, J2 = ac, J3 = cd, such that J3 does not touch the interior of either Ji or J2. 
We can do the same with dGn, letting Ji^n = dnttn, J2,n = o-nCn and Jz,n = Cndn- Let 
(pi^nif) and </>j(t), t e [0, 1], z = 1, 2, 3 be parametrizations of Jj^„ and Ji respectively, with 
supjgp 1] \(t)i,n{t) - 0i(i)| < £ for n > no and z = 1, 2, 3. 

Let us assume, by contradiction, that (*) is false. Then there are indices k (actually n^, 
but we abuse notation a bit) and points Uk, Vk G dGk with \uk — Vk\ — (as k 00) that 
cannot be joined by a continuum of diameter < e contained in C \ Gk- By compactness 
considerations, we may assume that Uk ^ u and — > as — 00, with u = v. Suppose 
that Uk and Vk belong to the interior of the same Jordan arc Ji± for all k large enough. 
Let Uk = (pi^kijk), Vk = (t>i,kij'k)i = 'Piij) and v = (piij'). It follows that Tk ^ r and 
r(, r', and since Ji is a Jordan arc, r = r'. For k large enough, the function maps 
the closed segment of [0, 1] between r and r' onto a continuum in Ji^k containing Uk and Vk 
whose diameter tends to zero as — > cxd, leading to a contradiction with our assumption. 

Similar reasoning gives a contradiction if Uk and Vk both belong to Ji^k U J^^k or both 
belong to J2,fc U J^^k for all k large enough, since the concatenation of Ji^k with J3 ^ or of 
J2,k with Js fc is still a Jordan arc. The above reasoning applies except when u{= v) is 
on both Ji and J2. When u = v = a, one can paste together small Jordan arcs on Ji ^ 
and J2,fc to get a suitable continuum leading to a contradiction. The sole remaining case 
is when for all k large enough, Uk belongs to the interior of Ji^k and Vk belongs to the 
interior of J2,k- 

(Notice that we are ignoring the "degenerate" case in which c = d coincides with the 
"last" [from a] double-point on dG, and J3 is a simple loop. In that case Uk and Vk could 
converge tou = v = c = dEJinJ2 and Uk or Vk could still belong to J^^k for arbitrarily 
large fc's. However, in that case one can find two distinct points on J3, c' and d', such that 
D is admissible with respect to {a,c',d'), and points c'^ and d'/^ on J^ k converging to c' 
and d' respectively, and define accordingly new Jordan arcs, J'l, J'2, J'3 and J'l k^ J'2 J'i 
so that Uk & J'l k a-iid f fe G J2 for k large enough. We assume that this has been done if 
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necessary, and for simplicity of notation drop the primes.) 

In this case let [wfeffc] denote the closed straight line segment in the plane between 
Uk and Vk- Imagine that [ukVk] is oriented from Uk to Vk and let v'f. be the first point of 
J2,k intersected by [ukVk] and u'^ be the previous intersection of [ukVk] with dGk- Clearly, 
u'k ^ J2,k- For k large enough, u'/^ cannot belong to J^^k either, or otherwise in the limit 
k ^ oo, J3 would touch the interior of Ji and J2- We deduce that for all k large enough, 
u'k £ Ji,k- Since Ji^k and J2,fc are continuous curves and therefore locally connected, Uk and 
u'l. belong to a continuum Bi k contained in Ji k whose diameter goes to zero as /c ^ cxd, 
and the same for Vk and (with Bi^k and Ji^k replaced by i?2,fc and J2,k)- 

Since the interior of [u'i.v[] does not intersect any portion of dGk, it is either contained 
in Gk or in its complement C\Gk- If [u'kv[] C C\Gk, we have a contradiction since the 
union of [M^f^ with Bi k and -B2,fc is contained in C \ and is a continuum containing 
Uk and Vk whose diameter goes to zero as /c — 00. 

If the interior of [tt'^f^] is contained in Gk, let us consider a conformal map fk from 
D onto Gk- Since dGk is locally connected, the conformal map fk extends continuously 
to the boundary of the unit disc. Let u'^ = fk{ul), v'^ = fk{v*k), ak = fki^l), Ck = fk{c*k) 
and dk = fk{,d\). The points c\, d],, u]., a\, vl are in counterclockwise order on dB>, so that 
any curve in D from al to the counterclockwise arc c^d^ must cross the curve from u^. to 
vl whose image under fk is [w'^ffc]. This implies that any curve in Gk going from ak to 
the counterclockwise arc Ckdk of dGk must cross the (interior of the) line segment [M^ffc]. 
Then, in the limit k 00, any curve in G from a to the counterclockwise arc cd must 
contain the limit point u = lim^^oo w'^ = limk-roov'^. = v. On the other hand, except for 
its starting and ending point, any such curve is completely contained in G, which implies 
that either u = v = a or else that (in the limit k 00) the counterclockwise arc cd is the 
single point aX u = v = c = d. We have already dealt with the former case. In the latter 
case, one can paste together small Jordan arcs from u'^. to dk, from dk to Ck, and from 
Ck to f^, and take the union with Bi^k and i?2,fc (defined above) to get a suitable contin- 
uum in C\Gk containing Uk and Vk, leading to a contradiction. This concludes the proof. □ 

Theorem fT^ together with Theorem |H1 and Lemma \B.1\ implies the following result, 
which is used in Appendix 1X1 

Corollary B.l. With the notation and assumptions of Lemma \B. 1\ (and also assuming 
that Gn and G contain the origin), let fn map D conformally onto Gn with /n(0) = 
and fni^) > 0, and f map D conformally onto G with /(O) = and /'(O) > 0. Then, as 
n —>■ 00, fn ^ f uniformly in 

Proof. As already remarked, the convergence of dGn to dG in the uniform metric Q on 
continuous curves (which is part of the definition of {Gn,an,Cn,dn) {G,a,c,d)) easily 
implies that the conditions in Caratheodory's kernel theorem (Theorem [HJ are satisfied 
and therefore that /„ converges to / locally uniformly in D, as n — 00. By an ap- 
plication of Lemma FB.II the sequence {C \ Dn} is uniformly locally connected, so that 
we can apply Theorem [l2l to conclude that, as n ^ 00, fn converges to / uniformly in D. g 
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We conclude this appendix with a simple lemma, used in the proof of Theorem 
about the continuity of Cardy's formula with respect to the shape of the domain and the 
positions of the four points on the boundary. 

Lemma B.2. For a„, 6„, c„, and {D,a,b,c,d) as in Theorem{^ let denote 

Cardy's formula (see / Ii6|) ) for a crossing inside from the counterclockwise segment 
ttnCn ofdDn to thc countcrclockwisc segment bndn ofdDn and $ the corresponding Cardy's 
formula for the limiting domain D. Then, as n ^ oo, 

Proof. Let be the conformal map that takes D onto Dn with /ri(0) = and /^(O) > 0, 
and let / denote the conformal map from D onto D with /(O) = and /'(O) > 0; let 

= /-1(a), Z2 = f-\c), zs = f-\h), z, = f-\d), z^ = /-i(a„), ^ = f-\cn), 
^3 = fn^i^n), and z2 = f~^{dn). We can apply Corollary IB .11 to conclude that, as 
n ^ (X), fn converges to / uniformly in D. This, in turn, implies that, as n oo, 

— > Zi, Z2 — Z2i z^ — > Z3, and z^ — > Z4. 

Cardy's formula for a crossing inside Dn from the counterclockwise segment a„c„ of 
dDn to the counterclockwise segment bndn of dDn is given by 

T(2/3) 

= r(4/3)r(i/3) ^"^'^^^^^/^' ^^^^ 

where 

{z- - z-){z- - z2) 

Because of the continuity of ?7„ in z", Z2, z^, z^, and the continuity of Cardy's formula 

in rjn, the convergence of z^ ^ Zi, z^ ^ Z2, z^ ^ Z3 and z^ z^ immediately implies 

the convergence of to $. □ 
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